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Abstract 



Free spinor fields, with spin 1/2, are explored in details in the momentum picture of 
motion in Lagrangian quantum field theory. The field equations are equivalently written in 
terms of creation and annihilation operators and on their base the anticommutation relations 
are derived. Some problems concerning the vacuum and state vectors of free spinor field are 
discussed. Several Lagrangians, describing free spinor fields, are considered and the basic 
consequences of them are investigated. 



1. Introduction 



The paper is devoted to a detailed investigation, in Lagrangian quantum field theory , of a 
free spinor (spin ^) field in momentum picture, introduced in [9] and developed in [10]. It is 
a direct continuation of [11], where similar exploration of free scalar fields was carried out, 
and, respectively, most of the methods of loc. cit. are mutatis mutandis applied to problems 
of free spinor fields. Most of the known fundamental results are derived in a new way (and 
in a slightly modified form), but the work contains and new ones; e.g. the field equations in 
terms of creation and annihilation operators and a uniform consideration of the massive and 
massless cases. 

The basic moments of the method, we will follow in this work, are the following ones: 

(i) In Heisenberg picture is fixed a (second) non-quantized and non-normally ordered op- 
erator-valued Lagrangian, which is supposed to be polynomial (or convergent power series) 
in the field operators and their first partial derivatives; 

(ii) As conditions additional to the Lagrangian formalism are postulated the commutativ- 
ity between the components of the momentum operator (see (|2.6|) below) and the Heisenberg 
relations between the field operators and momentum operator (see (|2.7[) below); 

(iii) Following the Lagrangian formalism in momentum picture, the creation and annihi- 
lation operators are introduced and the dynamical variables and field equations are written 
in their terms; 

(iv) From the last equations, by imposing some additional restrictions on the creation 
and annihilation operators, the (anti)commutation relations for these operators are derived; 

(v) At last, the vacuum and normal ordering procedure are defined, by means of which 
the theory can be developed to a more or less complete form. 

The main difference of the above scheme from the standard one is that we postulate the 
below-written relations Q2.6JI and Q2.7|) and, then, we look for compatible with them and 
the field equations (anti) commutation relations. (Recall, ordinary the (anti)commutation 
relations are postulated at first and the validity of the equations (|2.(ijl and (|2.7j) is explored 
after that [12].) 

The layout of the work is as follows. 

Section |2 contains a review of the momentum picture of motion in quantum field theory. 
As a new material, a consideration of the angular momentum in it is added. On that base, 
in Sect. EJ a free spinor field is described in momentum picture. In particular, the Dirac 
equation in momentum picture is derived and special attention is paid to the operators of 
momentum, charge and angular momentum. 

In Sect.QJ the (system of) Dirac equation(s) describing a free spinor field is analyzed in 
terms of operators which, possibly, up to normalization and pure phase factor, are identical 
with the Fourier coefficients of the field in Heisenberg picture. From these operators, in 
Sect. El is constructed a set of operators which admit interpretation as creation and annihi- 
lation operators. Then, the last operators are expressed via a new set of operators with the 

1 In this paper we considered only the Lagrangian (canonical) quantum field theory in which the quantum 
fields are represented as operators, called field operators, acting on some Hilbert space, which in general 
is unknown if interacting fields are studied. These operators are supposed to satisfy some equations of 
motion, from them are constructed conserved quantities satisfying conservation laws, etc. From the view-point 
of present-day quantum field theory, this approach is only a preliminary stage for more or less rigorous 
formulation of the theory in which the fields are represented via operator-valued distributions, a fact required 
even for description of free fields. Moreover, in non-perturbative directions, like constructive and conformal 
field theories, the main objects are the vacuum mean (expectation) values of the fields and from these are 
reconstructed the Hilbert space of states and the acting on it fields. Regardless of these facts, the Lagrangian 
(canonical) quantum field theory is an inherent component of the most of the ways of presentation of quantum 
field theory adopted explicitly or implicitly in books like [1-8]. Besides, the Lagrangian approach is a source 
of many ideas for other directions of research, like the axiomatic quantum field theory [3,7,8]. 



same physical interpretation, which operators, up to a phase factor, coincide with the cre- 
ation/annihilation operators known from the investigation of free spinor field in Heisenberg 
picture. The field's dynamical variables, i.e. the momentum, charge and angular momentum 
operators, are expressed via the creation and annihilation operators in Sect. El which results 
in expressions similar to ones in the momentum representation in Heisenberg picture. 

In Sect. [TJ the equations of motion for a free spinor field are equivalently written as a 
system of operator equations in terms of creation and annihilation operators. These equa- 
tions are trilinear ones and their form is similar to the one of the parafermi relations. The 
obtained system of equations is analyzed in Sect. El where from it, under some explicitly pre- 
sented additional conditions, the anticommutation relations for the creation and annihilation 
operators are derived. 

The concept of a vacuum for a free spinor field is introduced in Sect. El Some problems in 
the theory are pointed and their solution is described via the introduction of normal ordering 
of products (compositions) of creation and annihilation operators. In Sect. El are discussed 
some general aspects regarding state vectors of free spinor field. 

In Sect. ^2 are investigated different Lagrangians, which do not differ by a full 4-diver- 
gence, from which the quantum theory of free spinor fields can be derived. They and their 
consequences are compared from different positions and the 'best' one of them is pointed out. 
It is the one which is charge symmetric; so that in it is encoded the spin-statistics theorem 
for free spinor fields. 

Section ^1 closes the work. 

The books [1-3] will be used as standard reference works on quantum field theory. Of 
course, this is more or less a random selection between the great number of (text)books and 
papers on the theme to which the reader is referred for more details or other points of view. 
For this end, e.g., [4,13,14] or the literature cited in [1-4,13,14] may be helpful. 

Throughout this paper h denotes the Planck's constant (divided by 2tt), c is the velocity of 
light in vacuum, and i stands for the imaginary unit. The superscripts f and T means respec- 
tively Hermitian conjugation and transposition of operators or matrices, the superscript * 
denotes complex conjugation, and the symbol o denotes compositions of mappings/operators. 

By Sf g , or 5® or 5^ 9 (:= 1 for f = g, := for / = g) is denoted the Kronecker <5-symbol, 
depending on arguments / and g, and 6 n (y), y S M n , stands for the n-dimensional Dirac 
(5-function; 5(y) := 5 1 (y) for y G R. 

The Minkowski spacetime is denoted by M. The Greek indices run from to dim M — 1 = 
3. All Greek indices will be raised and lowered by means of the standard 4-dimensional 

Lorentz metric tensor if 3 * and its inverse T)^ with signature (+ — ). The Latin indices 

a,b, . . . run from 1 to dim M — 1 = 3 and, usually, label the spacial components of some 
object. The Einstein's summation convention over indices repeated on different levels is 
assumed over the whole range of their values. 

At the end, a technical remark is in order. The derivatives with respect to operator-valued 
(non-commuting) arguments will be calculated according to the rules of the classical analysis 
of commuting variables, which is an everywhere silently accepted practice [1,12]. As it is 
demonstrated in [15], this is not quite correct. We shall pay attention on that item at 
the corresponding places in the text. With an exception of the consequences of a 'charge 
symmetric' Lagrangian, considered and explained in Sect. 111! this method for calculation of 
derivatives with respect to operators does not lead to incorrect results when free spinor fields 
are involved. 



2. The momentum picture 



In this section, we present a summary of the momentum picture in quantum field theory, 
introduce in [9] and developed in [10] . 

Let us consider a system of quantum fields, represented in Heisenberg picture of motion 
by field operators (f>i{x): T — > J 7 , i = 1, . . . ,n G N, acting on the system's Hilbert space 
T of states and depending on a point x in Minkowski spacetime M. Here and henceforth, 
all quantities in Heisenberg picture will be marked by a tilde (wave) "~" over their kernel 
symbols. Let denotes the system's (canonical) momentum vectorial operator, defined via 
the energy-momentum tensorial operator T^ v of the system, viz. 

P»-=\ J f 0fl (x)d 3 x. (2.1) 

x°=const 

Since this operator is Hermitian, vjt = the operator 

U(x,x ) = exp(ij>^-a#)P M ) ) (2.2) 

where xq G M is arbitrarily fixed and x G M, 2 is unitary, i.e. Iv(xq,x) := (U(x,xo)y = 
U (x,Xo) := (U(x, xo))" 1 and, via the formulae 

X i — > X{x) = U(x,x )(X) (2.3) 
A(x) i — ► A(x) = U(x,x ) o (A(x)) o U~ 1 (x,x ), (2.4) 

realizes the transition to the momentum picture. Here X is a state vector in system's Hilbert 
space of states T and A{x) : T — > J 7 is (observable or not) operator- valued function of x G M 
which, in particular, can be polynomial or convergent power series in the field operators 
(f>i{x)\ respectively X(x) and A{x) are the corresponding quantities in momentum picture. 
In particular, the field operators transform as 

(pi(x) (->■ (pi(x) = U(x,x ) o (p^x) o U^ 1 {x,xq). (2.5) 

Notice, in (|2.2|) the multiplier (x^ — Xq) is regarded as a real parameter (in which is 
linear). Generally, X(x) and ^4(x) depend also on the point xq and, to be quite correct, one 
should write X(x,xq) and A(x,xq) for X[x) and ^4(x), respectively. However, in the most 
situations in the present work, this dependence is not essential or, in fact, is not presented 
at all. For that reason, we shall not indicate it explicitly. 

As it was said above, we consider quantum field theories in which the components 
of the momentum operator commute between themselves and satisfy the Heisenberg re- 
lations/equations with the field operators, i.e. we suppose that and <fi(x) satisfy the 
relations: 

[P»Pvl = (2-6) 
[<fi(x), = ihd^ifiix). (2.7) 

Here [A, B]± := A o B ± B o A, o being the composition of mappings sign, is the commu- 
tator /anticommutator of operators (or matrices) A and B. The momentum operator Vu, 
commutes with the 'evolution' operator U(x,xq) (see below (|2.12|l ) and its inverse, 

[Vn,U(x,x o )l = [V tl ,U-\x,x )]_ = 0, (2.8) 

2 The notation xo, for a fixed point in M, should not be confused with the zeroth covariant coordinate 
rjo^x 11 of x which, following the convention x v := rj^^x 11 , is denoted by the same symbol xq. From the context, 
it will always be clear whether xo refers to a point in M or to the zeroth covariant coordinate of a point 
x G M. 



due to (|2.6|) and l|2.2|h So, the momentum operator remains unchanged in momentum picture, 
viz. we have (see (|2~i|) and (|2~8|l ) 

^ = (2.9) 

Since from (|2.2j) and (|2.6() follows 

m 3U{ Q^ 0) = v » ° U & x o) W(x 0) x ) = id^, (2.10) 

we see that, due to 1)2.3)1 . a state vector ^Y(x) in momentum picture is a solution of the 
initial-value problem 

ft^r = *(*)U=*o = *(*o) = * (2.ii) 

which is a 4-dimensional analogue of a similar problem for the Schrodinger equation in 
quantum mechanics [16-18]. 

By virtue of (j2.2j) . or in view of the independence of Vu of x, the solution of 1)2.11)1 is 

X{x) = U(x,x )(X(x ))=e^ x "-<^(X(x )). (2.12) 

Thus, if X(xo) = X is an eigenvector of (= V^) with eigenvalues p M , 

V^X(x ))=p^X(x ) (=p lx X=V lx {X)), (2.13) 

we have the following explicit form of the state vectors 

X(x) =eTn^- x °^(X(x )). (2.14) 

It should clearly be understood, this is the general form of all state vectors as they are eigen- 
vectors of all (commuting) observables [3, p. 59], in particular, of the momentum operator. 
In momentum picture, all of the field operators happen to be constant in spacetime, i.e. 

(fi(x) = U(x,x ) o (pi{x) o U~ 1 (x,x ) = <Pi(x ) = <Pi(x ) =: ^ (0)i . (2.15) 

Evidently, a similar result is valid for any (observable or not such) function of the field 
operators which is polynomial or convergent power series in them and/or their first partial 
derivatives. However, if A(x) is an arbitrary operator or depends on the field operators in a 
different way, then the corresponding to it operator A(x) according to ()2,4|) is, generally, not 
spacetime-constant and depends on the both points x and xo- As a rules, if A{x) = A(x, xq) 
is independent of x, we, usually, write A for A(x,xq), omitting all arguments. 

It should be noted, the Heisenberg relations ()2.7j) in momentum picture transform into the 
identities d^ipi = meaning that the field operators ipi in momentum picture are spacetime 
constant operators (see l)2.15)l ). So, in momentum picture, the Heisenberg relations ()2.7j) are 
incorporated in the constancy of the field operators. 

Let £ be the system's Lagrangian (in Heisenberg picture). It is supposed to be polyno- 
mial or convergent power series in the field operators and their first partial derivatives, i.e. 
£ = £((fi(x),d l/ ipi(x)) with d u denoting the partial derivative operator relative to the v th 
coordinate x v . In momentum picture it transforms into 

£= £((pi(x),y ju ) Vju = T^[^j,V u ]_, (2.16) 



i.e. in momentum picture one has simply to replace the field operators in Heisenberg picture 
with their values at a fixed point xq and the partial derivatives d u <fj(x) in Heisenberg picture 



with the above-defined quantities yj v . The (constant) field operators ipi satisfy the following 
algebraic Euler- Lagrange equations in momentum picture: 3 



i/i 



UifJ, 



Since C is supposed to be polynomial or convergent power series in its arguments, the 
equations (|2.17j) are algebraic, not differential, ones. This result is a natural one in view 
of (t2~m 

Suppose a quantum system under consideration possesses a charge (e.g. electric one) and 
angular momentum, described by respectively the current operator J^ix) and (total) angular 
momentum tensorial density operator 

M%,(x) =-M^(x) = x^f\ - x v f\ + S^(x) (2.18) 

with x v := rjv^x^ and S^ u (x) = —S*(x) being the spin angular momentum (density) 
operator. The (constant, time-independent) conserved quantities corresponding to them, the 
charge operator Q and total angular momentum operator M.^, respectively are 

Q-=\ j Mx)<^x (2.19) 

a:°=const 

Mu V = C,Ux) + S^ix), (2.20) 



where 



C^{x):=- c j {x^f° u (x)-x u f\(x)}d 3 x (2.21a) 

i°=const 

V(x):=- / S°(x)d 3 x (2.21b) 



=const 



are the orbital and spin, respectively, angular momentum operators (in Heisenberg picture). 
Notice, we write C^ u (x) and S fJiU {x) ) but, as a result of ()2.21j) . these operators may depend 
only on the zeroth (time) coordinate of x £ M . When working in momentum picture, in 
view of (|2.4j) . the following representations turn to be useful: 

V ii =V il = - c J U- l (x,x )o T 0m o U{x,x )d 3 x (2.22) 

x°=const 

Q = \ j K' 1 (x,x )o J o U(x,x )d 3 x (2.23) 

x°=const 

C lxv {x) = - c j U-\x,x )o{ x ^T\-x u T\}oU{x,x )d 3 x (2.24) 



3 In (12.1711 and similar expressions appearing further, the derivatives of functions of operators with re- 
spect to operator arguments are calculated in the same way as if the operators were ordinary (classical) 
fields/functions, only the order of the arguments should not be changed. This is a silently accepted prac- 
tice in the literature [2,3]. In the most cases such a procedure is harmless, but it leads to the problem of 
non-unique definitions of the quantum analogues of the classical conserved quantities, like the energy-mo- 
mentum and charge operators. For some details on this range of problems in quantum field theory, see [15]. 
In Sect. 1111 we shall met a Lagrangian whose field equations are not the Euler-Lagrange equations 12.171 
obtained as just described. 



S fll/ (x) = ^ J U- 1 (x,x )o S ^oU(x,x )d 3 x. (2.25) 

x°=const 

These expressions will be employed essentially in the present paper. 

The conservation laws ^jjy = and d ^jo" / = (or, equivalently, = and d\ M^ v = 

0), can be rewritten as 

d„Q = d x M^ = (2.26) 

since (f2~T3|l - ([2~2"T|) imply d a Q = and d a = for a = 1, 2, 3. 

As a result of the skewsymmetry of the operators (j2.2UI) and 1)2.21(1 in the subscripts 
\i and v, their spacial components form a (pseudo-)vectorial operators. If e abc , a,b,c = 
1,2,3, denotes the 3-dimensional Levi-Civita (totally) antisymmetric symbol, we put M := 
(M , M , M ) with M a := e abc A4 be and similarly for the orbital and spin angular mo- 
mentum operators. Then (|2.2(Jf) and the below written equation (|2.37f) imply 

M = L(x) + S(x) (2.27) 
M(x,x ) = L(x) + (x-x )x P+ S(x), (2.28) 

where x := (x 1 ,^ 2 ,^ 3 ) = — (xi,X2, xs), x denotes the Euclidean cross product, and P := 
(V 1 , V 2 , V 3 ) = -(Pi, V 2 , T>3). Obviously, the correction in (t2~2%l) to M can be interpreted 
as a one due to an additional orbital angular momentum when the origin, with respect to 
which it is determined, is change from x to xq. 

The consideration of Q andM^ as generators of constant phase transformations and 
4-rotations, respectively, leads to the following relations [1,2,13] 

[$i(x),Ql = e(<Pi)qi<Pi(x) (2.29) 
[<Pi{x), M^ v ]_ = ih{x^d v (pi(x) -x„dp<pi(x) +F ifMV <pj(x)}. (2.30) 

Here: = const is the charge of the i th field, qj = q\ if ipj = (p\, e((pi) = if (p\ = (f>i, 
e( (pi) = ±1 if (p\ ^ ipi with e( (p>i) + e( (p[) = 0, and the constants if = —l{ v „ characterize 
the transformation properties of the field operators under 4-rotations. (If e( (pi) ^ 0, it 
is a convention whether to put e( (pi) = +1 or e((pi) = —1 for a fixed i.) Besides, the 
operators (|2.19|) - (|2,21j) are Hermitian, 

Q ] = Q, Ml, = M^u, t\ v = V, S\ v = <V, (2.31) 
and satisfy the relations 4 



[Q,^]. = (2.32) 
[M„u, Pxl = -Mvx^v - VxuVf,}. (2.33) 

4 The author is completely aware of the fact that in the literature, for instance in [3, p. 77, eq. (2-87)] 
or in [4, eq. (2.187)], the relation (12.3311 is written with an opposite sign, i.e. with +ih instead of — ifi on its 
r.h.s. (In this case (12.3311 is part of the commutation relations characterizing the Lie algebra of the Poincare 
group — see, e.g., [7, pp. 143-147] or [8, sect. 7.1].) However, such a choice of the sign in l|2.33fl contradicts to 
the explicit form of "P M and £ M „ in terms of creation and annihilation operators (see sections |S| and [7|l in the 
framework of Lagrangian formalism. For this reason and since the relation 12.33K is external to the Lagrangian 
formalism, we accept 12.33^ as it is written below. In connection with ()2.33ft — see below equation I7.28|l and 
the paragraph containing it. 



Combining the last two equalities with Q2.2|) and (|2.6|) . we, after a simple algebraic calcula- 
tions, obtain 5 

[Q,U(x,x Q )l = (2.34) 
[Mfj, v , U(x,x )]_ = -{fan - x 0fJ )P v - (x u - XQ V )Vy} o U(x,x ). (2.35) 

Consequently, in accord with Q2.4|) , in momentum picture the charge and angular momentum 
operators respectively are 

Q(x) = Q:= Q (2.36) 
M^u = U(x,x ) o M^ u o U~ l (x,x ) = + [U(x,x ), My, v ]_o U~ l (x,x ) 

= Mfiu + (Xfi - Xq^)V u - (x u - Xq v )V^ 

= t^y + (x^ - x 0m ) V v - (x u - x 0u ) + S^y = + S^, (2.37) 

where 

t^yix) := U(x,x ) o C^ u (x) o U" 1 {x,xq) 

_, (2.38) 
SfiuKX) := U(x,xo) o Sfj, v {x) o U (x,xq) 

and (|2.9j) was taken into account. Notice, the correction to A4^ IU on the r.h.s. of l|2.37j) is 
typical for the one of classical orbital angular momentum when the origin, with respect to 
which it is determined, is changed from x to xo- 6 

In momentum picture, by virtue of ()2.4j) . the relations (|2,29|) and (|2.3Uf) respectively read 

[<Pi,Ql = e(<Pi)q<Pi (2-43) 
[<Pi, M flu (x,x )]_ = x^ifi, Vv]_-x v [(pi, V^. + iHIf^ipj. (2.44) 

The first of these equation is evident. To derive the second one, we notice that, by virtue of 
the Heisenberg relations/equations (|2.7|) . the equality (|2.3()j) is equivalent to 

[&i(x), M I1U }_ = x^{(f>i{x), V v ]_-x v [(pi{x), V fJ ]_ + iHI 3 ifiu (p j (x) (2.45) 



To derive equation H2,35|l. notice that 1)2. 33ft implies [M^v, "Pm ° — "Pun]- — ~ Yl^—ityum 
Pf) "Phi • ■ ' ° ° ^Mi+i o ■ ■ ■ o p M „ , due to [A, B o C]_ = [A, B}_ o C + B o [A, C}_, and expand the 

exponent in 112.211 into a power series. More generally, if [A(x), P M ]_ = B ll (x) with [B^x), V v ]_ = 0, then 
U(x,xo)]_ — i7"(a; M — Xq)Bh{%) o U(x,xo); in particular, [A(x), P M ]_ = implies [A(x), U(x,xo)]_ = 0. 
Notice, we consider (:r M — Xq) as a real parameter by which the corresponding operators are multiplied and 
which operators are supposed to be linear in it. 

6 In Sections[S]and[7] for a free spinor field, it will be proved that S M „ = '<S M „ + S^v, £ M „ = C^v + C^u, 
where and £ M „ are such that 9a S^, v = d\ £ M „ = 0, M^ v = <S M „ + £ M „ and 

[%v,Vxl = 0, (2.39) 

which implies 

[%„, U(x,s o )l = 0. (2.40) 



Amongst other things, from here follow the equations 



°S^= (2.41) 
°£ M „ = °£ M!/ + (x,j, - x Qfl ) V v - (x v - x 0v ) Vn- (2.42) 



from where Q2.44JI follows. 

It should be emphasized, the Heisenberg relations 1)2.29)1 and ()2.30j) . as well as the com- 
mutation relations 1)2.32)) and (|2.33|) . are external to the Lagrangian formalism. For this 
reason, one should be quite careful when applying them unless they are explicitly proved in 
the framework of Lagrangian scheme. 



3. Description of free spinor field in momentum picture 

A spinor field of spin | is described by four operators ip^ which are collected in a matrix 

operator ip considered as a 4-component column, i.e. ip(x) := (ipo(x), V'i(z), 1 p2(x), V>3(x)) T , 
where T is the sign of matrix transposition. In Heisenberg picture, the theory of free spinor 
field is derived from the Lagrangian [1] 

t = t^c{ ip{x)^ o [dp 4>(x)) — (d^ V'(x))7 At o Tp(x)} — mc 2 ip(x) o ip(x). (3.1) 

Here: 7 M are the Dirac's matrices (see equations (|3.2|) . (|3.17p . and (|3.26() below), o is the 
composition of mappings/operators sign, and ip := V^7°, with ip^ := (^J, ip\, $|), is 
the Dirac conjugate spinor to ip. Besides, in expressions like ip o ip and ^7° a matrix 
multiplication is understood, i.e., in these examples, we have ip o ip := ]T] ip^ o ip^ and 
^IjO ._ V^T^O' • • • ' ^7^3) • As a particular realization of the Dirac's gamma ma- 
trices, we shall use the following one [1,2]: 
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(3.2) 



In momentum picture, in view of 1)2. 5 J) , the spinor 's components and their Dirac conjugate 
transform into 

ifijx) = U(x,x ) o rpJx) o U' 1 (x,xq) = ^(x ) = ifiJxo) =■ Vv 
_ s. ^ _ _ (3.3) 

ip^x) = U(x,x ) o ijj^x) o U l {x,x Q ) = tp^xo) = tp^xo) =: ip^- 

If we identify U(x,Xo) with U(x, xo)l^, where I4 := diag(l, 1, 1, 1, ) is the unit (identity) 
4x4 matrix, the last equalities can be rewritten as 



ip(x) = U(x,xq) o ip(x) o U 1 {x,x Q ) = ip(x ) = ip(x ) =: ip 
ip{x) = U(x,xq) o ip(x) o U~ 1 (x,xq) = ip(xo) = tp(xo) =: ip. 



(231) 



Regardless of the explicit dependence of ip and ip on the point xq E M, further it will not 
be indicated as insignificant for our present work. By virtue of (j2.17[) . the Lagrangian ()3.1j) 
in momentum picture reads 

A^VSZ/^I/J = \c{ip^ o [ip, Vfj]_- [ip, PJY o^} -mc 2 ipoip. 



C 



(3.4) 



7 The theory of free spinor field can be derived also from the Lagrangian L = ihcip^ o <9 M ip — mc 2 ip o ip, 
as it is done in [3, 12]. The problem of a selection of Lagrangian for free spinor field will be considered in 



Sect.tm 



where 



(Notice, to simplify the notation, here, as we did above with U(x,xq), we identify with 
the matrix operator VpX±- F° r the same reason, we identify 7^ with the matrix operator 
7 M idjF, T being the system's Hilbert space of states.) Therefore, we have: 8 



dC dC 1 r — _ . ,, o— „ dC 1 _ 



(3.5) 



<9£ <9£ 1 ,, r , „, , 9 , „ dC 1.. ,, , 
-= = -= = + -C7" V>, P M _ - mcV 7f" = — = —zrfurfip. 
dip dtp 2 dy^ 2 

Consequently, the equations of motion (|2.17|) now read: 

J^[tp, Vy\_ — mcip = + mq? = (3.6) 

where we have applied the equality 

i-f, r„i = (3.7) 

as [7^, V v \_ = [7 M idjF, T v \n\_ = [pY^'dr, V v ]J\\ k= q = since 7^. are constant complex 
numbers. The first of the equations ()3.6|) is the Dirac equation in momentum picture and 
the second one is its Dirac conjugate. They correspond to the famous equations 

ih^d^ tp — mc tp = ihdn ip^ + mc ip = (3.8) 

in Heisenberg picture. It is worth noting, the equations ()3.6|) are valid in any picture of 
motion which cannot be said with respect to (|3.8|) . Indeed, since the transitions to an 
arbitrary picture of motion is achieved via a unitary operator U : J- — > J- [9] and 

[7", W]_ = (3.9) 

(see the proof of Q3.7|) above), this statement is a consequence of the algebraic structure 
of ijSHj) . 

We shall comment on the choice of the Lagrangians Q3.1|) and (|3.4|1 in Sect. 1111 
We emphasize, the fields tp and V' will be treated as independent field variables in this 
work. However, because of the connection tp = ip*^ , most of the relations regarding ip can 
be obtained from the ones concerning ip by Dirac conjugation, i.e. via the change (• • • ) 1— ► 
(...) := (... )t'y° ) where the dots stand for any spinor-matrix operator expression. 

It is well known, a spinor filed possesses energy-momentum, electric charge and angular 
momentum. In Heisenberg picture, the operators of these conserved operator quantities 
respectively are: 9 

%u = 7ty (P» + iPv % = -ifrc{ ^7m (d u ip) - (d u V>) 7m o 0} (3.10) 
J» = o {7f M o ip - ip o 7^} = qcipjn ip (3.11) 
M%, = *m ~ X* T\ + (3.12) 



8 As pointed at the end of the Introduction, the calculation of the derivatives in l|3.5|l is not quite correct 
mathematically. However, the field equations 113.611 and the formulae 13. 101 13. 131 below are correct. For their 
rigorous derivation, see [15]. 

9 See, for instance, [1] or [13]. However, the order of the operators in the compositions below is not proved 
in these books, there are only some arguments justifying the made choice. For a rigorous proof — see [15]. 



where the spin angular momentum operator density S^ u is 10 



= + E ^ & + ( ° = 7^7 V- + ct^7 A } o & (3.13) 



3=1,2 

with 



^-^(yy-yf), (3-14) 



and the coefficients and characterizing the transformation properties of -0 and ip 
under 4-rotations, are [1,3]. 

= -\ xa ^ = +^ ic v- ( 3 - 15 ) 

Often the spacial components of 5° , defining the spin angular momentum via (I2.21hl) . arc 
combined into the (pseudo-)vector ^e abc S® c with a, 6, c = 1,2,3. Equation (|3,13|) implies 

S« = l - e abc Sl(x) = + l -hc^{x)a a o = -±fo^t(x)(7 a ^ (3 . 16 ) 
where cr a := e abc ai, c and the relation 

yy + = 2^14 (3.17) 

was applied. So, the vectorial spin operator S = (S 1 , S 2 , S 3 ), appearing in (|2.27|) and (|2.28|) . 



is 



S(x) = ^h J ^(i)(To^(x)d 3 x er := (a 1 , a 2 , a 3 ). (3.18) 



x u =const 

In accord with ()2.4|) and (|2. 15|) . the dynamical characteristics (|3.1U|) - (|3.13|) in momentum 
picture are 

V = \c{ ° W>, V v \. - bP, V v ]sin ° V'} (3-19) 
Jn = qc^^ (3.20) 

1 

i' 

In particular, the vector Q3.1fiJI takes the form 



M%, = x» T\ - x u T\ + S*, (3.21) 
S* u = -hc^tfa^ + <V7 A } o V (3.22) 



S a = e abc s a c = Ifr c ^V o V = ~Hc^a a o 1/) (3.23) 

in momentum picture. 

To specify the relations (|2.43|) and (|2.44|) for a spinor field, we, by convention, put e(ip) = 
+1 and e(tp) = — 1 and get 

bP, Ql = qip ®, Q]. = -# (3.24) 



10 We adopt the definition of spin angular momentum operator density from [2, § 78, eq. (13.47)] or [13, 
sect. 3.3.1, eq. (3.115)]. It agrees with the commutation relation l|2.33[l . In [1, eqs. (2.16) and (7.31)] is used 
a definition with an opposite sign. 



[tp, Mfj, v (x, x )]_ = x^t/j, V v \_ - x u [ip, Vp\_ + ^cr^V (3.25a) 
[ip, Mfj, u (x, x )]_ = x^tp, V v \_ - x u [ip, Vp\_ - -hipa^ (3.25b) 

due to (|3.15|) . The last terms in (|3.25j) have their origin in the spin angular momentum and 
the remaining ones are due to the orbital angular momentum. 

Besides (|3.17j) . the gamma matrices are suppose to satisfy the conditions (7°)^ = 7° and 
(7 )' = —7" for a = 1, 2, 3, i.e. (do not sum over //!) 

yt := ( 7 M)t = = 7 <y 7 °. ( 3 _ 26 ) 

As a consequence of (|3.14j) and ()3.26|) . we have (do not sum over \x and vX) 

( a ^)t = r]^rf v a^. (3.27) 
Important corollaries from 1)3.14(1 and 1)3.17(1 are the equalities (do not sum over \x and v\) 

7 A ]_ = -21(77^7^ - r? A V) (3-28) 
(7^7° = r^rT'f^, (3.29) 

the last of which implies 11 

7%a + <roaJ° = j°a ab = a abl °. (3.30) 
Combining (|3~27|) and (|3~29|) . we get 

(<7^)t = 7^7°. (3.31) 
As result of l|Q2^ and l(3~3TJ)l . we have 

5 ° a = cS a ° fc = ific^y ^ o V. (3.32) 

From here, we see that the vector S a and the components S® carry one and the same 
information. Notice, the equations 1)3.32(1 are specific for the Lagrangian (|3.1|) : for instance, 
the first of them does not hold for the Lagrangian (|11.3|) — see [12, eq. (13.47)]. 
According to the Dirac equation (|3.6|) . the operators 

M : V ^ +-7lV>, V„]_ ~M: i) ^ — [0, P M ].7 M , (3.33) 
c c 

when acting on the solutions of (j3.fi (1 . have the mass parameter m of the spinor field as 
eigenvalue. Applying the relations (|3.17j) . the Jacobi identity and ()2.6|) . we see that 

M 2 ■= Mo M= ~M 2 :=^Mo^M: ip i-> \ [[ip, VJ , <P = $A (3.34) 

has a meaning of a square-of-mass operator as its eigenvalues on the solutions of 1)3.6(1 are 
equal to m?. Therefore the operator 4r[[(")> ^Vl-i ^Vl-> ra th er than o V^ 1 , determines the 
square of the mass (parameter) of a free spinor field. Obviously, this conclusion is valid in 
any picture of motion. This situation is similar to the one with free scalar fields [11]. It is 
well known, the operator Vn o V 1 has a sense of a square-of-mass operator for the field's 
states (on which it acts). 



11 The equations <TH5t and lEHUl are also corollaries from iTHgt with A = and a 0a - ; ~°- a - J ~°~° 



17 7 = —17 7 



4. Analysis of the Dirac equation(s) 



The Dirac equations (j3,6[) , together with the equality (|2.22|) and the explicit expression (|3.10j) 
for the energy-momentum operator, form a complete algebraic-functional system of equations 
for determination of the spinor field ip and its Dirac conjugate ip = ip^'-f (and its momentum 
operator Vn too). This situation is similar to the one concerning a free charged scalar 
field, investigated in [11]; respectively similar results hold for the structure of spinor field 
operators. Moreover, there is now a simplification due to the linearity of the Dirac equation 
relative to the momentum operator, contrary to the scalar field case, when the corresponding 
Klein-Gordon equations are quadratic in momentum operator. 12 
To begin with, we single out the 'degenerate' solutions 

[ip,V„l = ^,7^1 = form = (4.1) 
of the Dirac equation ()3.6j) . which solutions, in view of (|2.7j) . in Heisenberg picture read 

ip(x) = tp(xo) = ip (= const) ip(x) = tp(xo) = tp (= const) for m = 0. (4.2) 

According to equations (|3.19[) - (j3,22j) (see also (|3.3()[) ). the energy- momentum, charge and 
(spin) angular momentum operators for the solutions (|4,1|) respectively are: 

%u = (4.3) 
= qcp^ o V (4.4) 

= = -hcjj^a^ + <V7 A ) o V>. (4.5) 



Since (|OJ) and (l2~2^|) imply 

Vf, = 0, (4.6) 

the equalities ()4.4[) and (|4.5|) hold in momentum and Heisenberg pictures for any constant 
spinors tp and tp. Thus, the solutions (|4.1j) (or (|4.2|) in Heisenberg picture) describe a mass- 
less spinor field with vanishing energy-momentum characteristics which, however, carries, 
generally, a non-(if -0^0) zero charge and spin angular momentum. It seems, such a spinor 
fields has not been observed until now. 

13 

Now, we are ready to describe the general structure of the solutions of the Dirac equa- 
tions (EH)1) . 

Proposition 4.1. The solutions of (j2,7|) and the Dirac equations (j3.6|) can be written as 

*=J d " k U + ^ k K^^^ +1 ^^^ (4 - 7b) 

or, equivalently as 

$ = j d A k5(k 2 -m 2 c 2 )f{k)ip(k) ^ = J d A k5(k 2 - m 2 c 2 )J(k)lp(k). (4.8) 

12 In Heisenberg picture, the last statement is equivalent to the one that Dirac and Klein-Gordon equations 
are respectively first and second order partial differential equations. 

13 This situation is completely different from a similar one, when free scalar fields are concerned; in the last 
case, solutions like 14. II are unobservable in principle as all their dynamical characteristics vanish — see [11]. 



Here: k = (k° , k 1 , k 2 , k 3 ) is a ^-vector with dimension of J^-momentum, k 2 = k^k^ = k$ — 
k\ — k2 — k\ = k\ — k 2 with k^ being the components of k and k := (k 1 , k 2 , k 3 ) = —{k\, &2, k%) 
being the 3- dimensional part ofk, 5(-) is the (1 -dimensional) Dirac delta function, the spinor 
operators ip(k),ip(k) : T ^ T are solutions of the equations 

bP(k), V^\_ = —kfj,tp(k) mk),V ll ]_ = -k^(k) (4.9a) 

{( 7 % + mcl 4 )^(k)}\ k2=m2c2 = {^(A0(-7% + mcl 4 )}\ k2=m2c2 = 0, (4.9b) 

f±(k) and f±(k) are complex-valued functions (resp. distributions (generalized functions)) 
of k for solutions different from 1)4.1 J) (resp. for the solutions 1)4.1)1 ). and f and f are com- 
plex-valued functions (resp. distributions) ofk for solutions different from ()4.1I) (resp. for the 
solutions 1)4.1)1 ). Besides, we have the relations f(k)\ k -±^ m 2 c 2 +k 2 = 2a/ m 2 c 2 + k 2 f±{k) 

and f{k)\ k __ | _^ 2 2+fc2 = 2\/ m 2 c 2 + k 2 f±(k) for solutions different from ()4.1)) . 

Remark 4.1. Evidently, in ()4.7)1 and ()4.8)1 enter only the solutions of ()4.9)) for which 

k 2 := k^ = k 2 -k 2 = m 2 c 2 . (4.10) 

This circumstance is a consequence of the fact that the solutions of ()3.6)) are also solutions 
of the Klein-Gordon equation, viz. [11] 

m 2 c 2 V - [h/>, Vpl, V^}_ = m 2 c 2 ^ - V^]_, V»]_ = 0. (4.11) 

To prove this one should apply to the first (resp. second) equation in ()3.6)) the operator 
7"[(-)) V v ]_ + mcli idjr(-) (resp. [(•), V v \si u — idjr(-)) and, then, to apply the Jacobi 
identity, (JZ£J) and (107)1 . 

Remark 4.2. Obviously, the solutions 1)4.1)1 correspond to ()4.9a)) with Vn = 0. Hence 

$(x, 0) = V(0) = const ^(x, 0) = ^(0) = const 7^ = = (4.12) 
with (see ((231) 

V>(a:, fc) := U~ l (x, xq) o ip(k) o U(x, xq) if)(x, k) := U~ 1 (x, Xq) o ^(&) o U(x, xq). (4.13) 

These solutions, in terms of 1)4.7)) or 1)4.8)1 . are described by m = and, for example, f±(k) = 
7±(fc) = (^±a)(5 3 (fc) for some a G C or /(Jfe) = /(*) such that f(k)\ ko= ±\ k \ = {l±2a)\k\8 3 {k), 
respectively. (Here 5 3 (k) := 5{k l )5{k 2 )5{k i ) is the 3-dimensional Dirac delta- function.) To 
prove that, use the equality 5(y 2 — b 2 ) = \{5{y + b) + 5(y — b)) for b > 0. In that case, the 
equations l)4.9a)l reduce to 

yfc^(jfe) = o = o (4.i4) 

as in it m = 0. Since the rank of the matrix j^k^ is equal to one for k 2 = m 2 c 2 = but 
k ^ (see below), the equations 1)4. 14|) have non- vanishing solutions in this case only if 
distributions are taken into account. 

Remark 4.3. Since ip = ip^° , from 1)4.7)1 (resp. (|4.8j) ) is clear that there should exist some con- 
nection between f±(k)tp(k) and f±(k)ip(k) with ko = +\f m 2 c 2 + k 2 (resp. between f(k)ifi(k) 
and f(k)ip(k)). A simple examination of 1)4.7)1 (resp. 1)4.8)1 ) reveals that the Dirac conjugation 
can either transforms these expressions into each other or 'changes' the signs plus and minus 
in them according to: 



te( fc w*>U^v^g) = -/*(-*w-*)L=w^^- (415a) 
(u(k)m\ k ^ ±v ^^) = -/ T (-^(-k)|^^ (4.15b) 



(/(*#(*)) = /(-AM-fc). 



(4.16a) 
(4.16b) 



From the below presented proof of proposition 14. II and the comments after it, it will be clear 
that (|4.15j) and (|4.16j) should be accepted. Notice, the above equations mean that tp(k) is 
not the Dirac conjugate of ip(k). 

Proof. The proposition was proved for the solutions (|4.1[) in remark fOl So, below we suppose 
that (k,m) / (0,0). 

The equivalence of (j4.7|) and (|4.8j) follows from 5(y 2 - b 2 ) = \{b~{y + b) + 5(y - b)) for 
b > 0. 

Since the solutions tp and ?/> of the Dirac equations ()3.6j) are also solutions of the Klein-Gor- 
don equations (|4,11|) . the representations (|4.7|) and the equalities (|4,15|) and (|4.16|) . with ip(k) 
and tp(k) satisfying (|4.9a|) . follow from the proved in [11] similar proposition 4.1 describing 
the structure of the solutions of the Klein-Gordon equation in momentum picture. 1 

At the end, inserting (|4.7|) or (|4.8|) into (|3.6|) . we obtain the equations ()4.9b|) due to ()4.9a|) . 

□ 

From the proof of proposition 14. H as well as from the one of [11, proposition 4.1] the next 
two conclusions can be made. On one hand, the conditions (|4.9aj) ensure that (|4,7j) and (|4.8j) 
are solutions of (|2.7|) and the Klein-Gordon equations (|4.11|) . while ()4.9b|) single out between 
them the ones satisfying the Dirac equations (j3.6j) . On the other hand, since up to a phase 
factor and, possibly, normalization constant, the expressions f{k)ip{k) and f(k)ip(k) coincide 

with the Fourier images of respectively ip(x) and ip{x) in Heisenberg picture, we can write 
$ = j 5(k 2 -m 2 c 2 )i;_(k)d 4 k ij>(x) = J 5{k 2 - m 2 c 2 )±(ky^ x>i - x ^ d 4 k (4.17) 

and similarly for ip (with ip(k) = ip{—k)), where ip(k) are suitably normalized solutions 
of H4.9|) . Therefore, up to normalization factor, the Fourier images of ip{x) and ip{x) are 

$(fc) = e^ x o k ^(k) J{k) = eTK x o k ^(k) (4.18) 

where xq is a fixed point (see Sect.[2I). So, the momentum representation of free spinor field 
in Heisenberg picture is an appropriately chosen operator base for the solutions of the Dirac 
equation in momentum picture. This conclusion allows us freely to apply in momentum 
picture the existing results concerning that basis in Heisenberg picture. 

The equations (|4.9b|) are well known and explicitly solved in the textbooks where the 
Dirac equation, in momentum representation of Heisenberg picture, is explored [1,2] (for a 
summary, see, e.g., [3, asppendix 1] or [1, appendix 3A]). Here are some facts about them, 
which we shall need further in the present paper; for references — see loc. cit. 

Working in a representation in which 7 is diagonal (see (|3.2jl ). by a direct calculation, 
one can prove that the rank of the matrices ±7^A;^-|-mcl4, with ko = ±\/ m 2 c 2 + k 2 , is equal 
to 0, if (k,m) = (0,0) and to 2, if (k,m) ^ (0,0). 15 Since the 7-matrices are defined up 
to a change 7^ 1— ► O^/^O^ 1 , O being a non-degenerate matrix (usually taken to be unitary), 
from here follows that any one of the equations ()4,9b|) has r linearly independent solutions, 

14 One can prove the representations 14.71 . under the conditions 14.911 . by repeating mutatis mutandis the 
proof of [11, proposition 4.1]. From it the equalities (14.151 1 and 14.16H rigorously follow too. 

For (fe, m) = (0, 0) the statement is evident. Usually (see, e.g., [1]), when rn^O (but k 7^ 0), it is proved 
in a frame in which fc = and a subsequent return to a general one; when fe 7^ and m = 0, the same method 
can be used with the only modification that a frame in which k 1 — k 2 = has to be employed. In the last 
case, the Dirac equation is replaced with a system of the so-called Weyl equations [1,2]. 



where r = oo for (k,m) = (0,0) and r = 2 for (k,m) ^ (0,0). So, in these cases (|4.9b|l 
has respectively infinitely many linearly independent solutions and two linearly independent 
solutions. Since the case (k,m) = (0,0), corresponds to the 'degenerate' solutions (|4.1j) . 
which require different treatment, we shall exclude it from our further considerations in this 
section. 16 In the case m / 0, we shall label these r = 2 linearly independent solutions with 
an index s taking the values 1 and 2, s = 1,2. 17 Define the operator spinors ip s ^±^(k) and 

ip s (±){k), where the index (±) indicates the sign of ko = ±y m 2 c 2 + k 2 0) in (|4.9b[) . as 
linearly independent solutions of respectively the equations 

^,(±)W(-7%| fco=± ^^ + mcl 4 ) =0. 



If m = 0, we set by definition s = and label the linearly independent solutions of (|4,9b|) 
by the signs "+" and "— ". Respectively, for m = 0, we define the operator spinors V'o,(±)(^) 
and ipo,(±)(k) as linearly independent solutions of (|4.19j) with m = 0. As a result of (|4.9a|) . 
the solutions of (|4.19j) satisfy also the equations 

bP s ,(±)(k), V,]_ = -k,\ ko=±v ^^^. %{±) (k). 

Since any solution of the first (resp. second) equation in (|4.9b|) can be represented as a 
linear combination of ip s ,(±)(k) (resp. ip s ^±)(k)), we can rewrite (|4.7[1 as 

^ = E / d 3 k{f s , + m sM (k) +/.,-(fc)^,(-)(fc)}| fco= (4.21a) 

^=E / d3fc {A+( fc )^(+)^)+A-( fc )^(-)( fc )}l fe0= v^^ ( 4 - 21b ) 

s J 

where f s ,±(k) and f s ±(k) are some complex- valued functions of k for solutions different 
from IJ4.1J) . Regarding the solutions (|4.1j) , in view of remark 14.21 for them (|4.21j) holds too 
for some distributions f s ,±(k) and f s ±(k) and some operators ip s ^(k) and ip s ^±^(k), which 
can be chosen in different ways 18 

Below we shall need a system of classical, not operator-valued, suitably normalized solu- 
tions of the equations (|4.19j) . The idea of their introduction is to be separated the invariant 
operator properties of the spinor field from its particular 'matrix' representation as a collec- 
tion of (operator) components which depend on some concrete reference frame with respect 
to which it is studied. This will be done in Sect.Elby expanding the operator- valued quantum 
spinors as linear combinations of the mentioned system, in fact a basis, of classical spinors, 
the coefficients of which expansion are frame-independent invariant operators characterizing 
the spinor field. 

Let (k,m) ^ (0,0). Consider classical 4-spinors v s,ziz (k) and their Dirac conjugate 
u s -±(fe) : = ( w s >T(fc))t 7 o = ( v s,±(k)) =: vt s ' ± (fc) 7 °, where s = 1, 2 for m ^ 0, s = for 
m = 0, and "f" means Hermitian conjugation (i.e. matrix transposition combined with 
complex conjugation in the classical case), which are linearly independent solutions of the 

16 On the exploration of the consequences of l|4.1^ . see the paragraph containing equation l|5.17^ in Sect.Q3 

17 Usually [1,2], the index s is referred as the polarization or spin index (parameter, variable). 

18 For details, see below l|5.17|l and the paragraph containing it. Recall, the solutions 14.1 fl can be describe 
by (fc,m, Vy) = (0,0,0) in which case l|4.9|l (and, hence, l|4.19|l and H4.20|l 'l reduce to the identity = 0. 



equations 

^ ± (fc)(T7%| feo=+V ^^ + - C l 4 ) =0 
and satisfy the conditions 



(4.22) 



(V'^fc)) 1 =: v^ s ' T {k) w*.±(fe) =:U s ' T (fc) = t> ts 'T(fc) 7 ° (4.23) 

w ts ' ± (fe)t; s '' T (fc) = J ss ' ^• ± (fc)v s '' T (fc) = + mC = <5 SS ', (4.24) 

V m 2 c 2 + fc 2 

where s, s' = for m = (and k ^ 0) and s, s' = 1,2 for m ^ 0. From here the following 
relations can be derived [1, subsect. 7.2]: 



v^ s ' ± (k)v s '' ± (-k) = (4.25) 
V ts ' ± (fc){A;V-fcV-^c7VK* ± (-fc) = a, 6 =1,2,3' 
fc a |y S,± (*0(7V - 7 fc 7 a )^' ,T (fc)} = a, 6 = 1, 2, 3 



(4.26) 



These formulae will be applied in different calculations in the next sections. 

The explicit form of the spinors v s,± (k) for m ^ can be found in [3, pp. 617-618] or 
in [13, sect. 2.2.1], where the notation u(k; s) := v s '~(k) and v(k; s) := v s ' + (k) is used. Since 
(j^kfj, + mcl^){^ u k v — mdi) = (k 2 — m 2 c 2 ) I4 and k 2 = m^c 2 , we can write 

w «.±(fc) = («t«^(fc))t = A±(fc )( T7 ^ M | fco=v _^ + mcl4 )^± ) (4.28) 

where ^-^(fe) are some normalization constants, that can be found by using (jH2U), 19 and 
Vq are constant spinors given by: 

1,- 

0,- 



(1,0,0,0) T 
(0,0,1,0) T 


2- 

2,+ 

v o 


= (o,i,o,o) T 
= (o,o,o,i) T 


^ for m 7^ 


(4.29a) 


(0,0,1,0) T 


0,+ 
v o 


= (o,o,o,i) T 


for m = 0. 


(4.29b) 



5. Frequency decompositions 

As a consequence of the results of Sect. 0J one can expect the existence of decompositions 
of the constant Dirac spinors ip and ip similar to the one in Heisenberg picture [1,2]. Such 
expansions, in fact, exist and can be introduced in almost the same way as it was done for a 
free charged scalar field in [11]; the only differences being the spinor (polarization) index s 
in Q4.21JI and the multi-component character of the spinors. 

19 Explicitly, we have A±(k) = {2mc(mc+ \J m?c 2 + fe 2 )}" 1/2 for m / 0; see [3, Appendix A, eq. (Al-29)]. 
For m = 0, one may set A±{k) = ±{2fc 2 }~ 1/2 . 



Let us set 



(5.1) 



#k (k) . = j/»,±(± fe )^,(±)( ±fc ) for k > 
[0 for k < 

^± (fel . = f7s,±(±fe)? s ,(±)( ±A; ) for fc o ^ 
[0 for k < 

^(fc) := 5>^) : = E^W ( 5 - 2 ) 



^ (fc) := ^ s (^)| fco=V ^r^ ^ s (fc) := ^ (*)| W 



m 2 c 2 +fc 2 



^(fc) :=^(*)| Jfc0=V ^i? = E^( fc ) 

I fco = \/ m 2 c 2 +fe 2 



(5.3) 



where A; 2 = m 2 c 2 and (the summation is over) s = for m = (and k ^ 0) or s = 1, 2 for 
m / 0. 20 

The equalities (|4.16f) imply 



(^±(fc)) = ip + (fc) (ip {k))=^{k) (5.4) 

which mean that ip (fe) is noi the Dirac conjugate of ^(fc). 
Combining l|5.1|) . (|4.2U() . (|4.21|) and proposition 14.11 we get: 

ip = ip + + ip = ip + + ijj (5-5) 

^ := E/ d3fc ^( fc ) = / d 3 fc^(fc) ^ := E/ d 3 ^(fc) = | d 3 fc^(fc) (5. 6 ) 

[^(fc), P/J_ = TM ± ( fe ) fc o = Vm 2 c 2 + fc 2 (5.7a) 
^(fe), ^1- = TM^fc) &o = Vm 2 c 2 + fc 2 . (5.7b) 

Notice, now equations ()4.9b|) are incorporated in the definitions (|5.1j) via the equations (|4.19|) . 

To reveal the physical meaning of the operators introduced, we shall rewrite (|3,24j) 
and (j3.25j) in their terms: 21 

[V^(fc), Q]_ = <^±(fe) [^(fc), Q]_ = -q^(k) (5.8) 
[^(k), M^{x)}_ = {Tix^K - ^^)| fco= ^/ m 2 c2+fc 2 1 4 + -Ha^j^ik) (5.9a) 

[V^(fc), M^{x)]_ = V^ ± (fc){^(x M ^ - ^fc M )| fc()= ^ m2e2+fc2 i4 - ( 5 - 9b ) 

where (|5.7j) was taken into account. Recall, here Q and M^v stand for the charge and (total) 
angular momentum operators, respectively, and the spin matrices are defined via (|3,14|) , 
Besides, the last terms in (|5.9|) are due to the spin angular momentum while the remaining 
ones originate from the orbital angular momentum. We should remind, the equations (|5.8f) 

20 On the case (k,m) = (0,0), or, more generally, the case regarding the solutions 14.111 — vide infra the 
paragraph containing equation l|5.17fl . 

21 To derive rigorously 15.81 and (15.911 from I3.24H and 13.251 . respectively, one has to take into account 
that ip{k) and tp(k) are, up to a phase factor and, possibly, normalization factor, the Fourier images of tp{x) 

and ip(x), respectively (see 114.171 1 . 



and (|5.9|) originate from (|2,29l) and (|2,30|) . which are external to the Lagrangian formalism. 
Therefore the below-presented results, in particular the physical interpretation of the cre- 
ation and annihilation operators, should be accepted with some reserve. However, after the 
establishment of the particle interpretation of the theory (see Sections 03 and HU|) , the results 
of this section will be confirmed (see also Sect. 

Let X p , X e and X m denote state vectors of a spinor field with fixed respectively 4-mo- 



mentump^, (total) charge e and (total) angular momentum m IMU (x), i.e. 

Vp(Xp)=PpXp (5.10a) 

Q(X e ) = eX e (5.10b) 

M flu (x)( X m ) = m^(x) X m . (5.10c) 

Combining these equations with (|5.7[) - (|5.9[) . we obtain 22 

V^ ± {k)(X p )) = {p^±k^ ± (k)(X p ) k = Vm 2 c 2 + k 2 (5.11a) 

V^ ± {k)(X p )) = {p ll ±k^ ± (k)(X p ) k = Vm 2 c 2 + k 2 (5.11b) 

Q(iP( X e )) = (e - q)i>{ X e ) Q(^( X e )) = (e + q$( X e ) (5.12a) 

Q{^(X e )) = (e-q)^(X e ) Q{T{X e )) = (e + q)^(X e ) (5.12b) 



Q(^ ± (k)(X e )) = (e-q)4> ± (k)(X e ) Q{^(k)( X e )) = (e + q)^{k){ X e ) (5.12c) 

M f , u (x)(ij ± (k)(X m )) = {mp,(x)l4 ± (x^K - ^fc M )| fco= ^ / m2e2+fc2 l 4 - hia^^WtXm) 

(5.13a) 

M^ v {x)(i) ± {k)(X m )) =i> ± (k)(X m ){m^{x)t 4 ± (x^ky - x v k lx )\ ko= ^-^^t± + -tur^}. 

(5.13b) 

If the field configuration happens to be such that 

[V,?V]- = AW> $,7>aJ- = ^ 3 m :=-7 47° (5-14) 
for some 4x4 matrices A^, then to (|5.13j) can be added the equations (cf. (|5.12aj) and (|5.12b|l ): 

M llv {x){^{X m )) = {m^(x)l 4 - {xpAr, - ^^)| fco= ^/ m 2 c 2 +fc 2 1 4 - ]^^}^{X m ) (5.15a) 
M llu (x)(ifj(X m )) = il)(X m ){m tlv {x)t 4: - {x^A v - x v A lM ) | ko=y / m2( p +k 2 ]L 4 + 

(5.15b) 

In particular, for the 'exotic' solutions (|4.1|l . we have (cf. ()5.12|0 : 

-Y m )) = {m Atl/ (x)l 4 - -ha^uj^i X m )} 

1 x \ (5.16a) 

M^{x){%l)(X m )) = ip(X m ){m^(x)l 4 + -ha^}) 

M^ v {x){^ ± {X m )) = {nv(x)l 4 - Ijha^^iXrrt)) 

1 ( 5 - 16b ) 
M^(x)(^ (X m ))=ip {X m ){m liy (x)t i + -ha^}) 

22 Expressions like Tp^ z (k)( X p ) should be understand as a vector-columns of vectors of the form 
{^ (k)(X p ),...,^ 3 (k)(X p )) T . Similarly, the quantity ^(fc)(* p ) := {^%{k){X p ), . . . ,^%{k){X p )) is 
a vector-row of vectors. 



M^(x)(tP ± (k)( X m )) = {m^(x)U - ^^W^X*™) 
M llu (x)(lp ± (k)(X m )) =i> ± {k){X m ){m lJLV {x)t A + -tur^}. 



(5.16c) 



2 

Besides, the equations (|5.12|) remain the same for the solutions (|4.1|) and (|5.11l) reduce to 
the identity = for them. 

The equations (|5.11f) (resp. 1)5.12(1 ) show that the eigenvectors of the momentum (resp. 
charge) operator are mapped into such vectors by the operators ip (k) and tp (k) (resp. tp, 
tp^ , tp ± (k), tp, tp , and tp (k)). However, by virtue of the equalities (|5.13j) - (|5.16|) . no one of 
the operators tp, tp^ , ip (k), tp, tp , and tp (k) maps an eigenvector of the angular momen- 
tum operator into such a vector. The cause for this fact are the matrices i^/icr^, appearing 
in (|5,13|) - (|5.16|) . which generally are non-diagonal [1, 19] and, consequently mix the compo- 
nents of the matrix vectors ip{ X m ), tp ± (X Tn ), tp ± (k)(X m ), ip{ X m ), ip ( X m ), and ip (k)(X m ) 
in (|5,13|) - (|5.1fi|) . Since the matrices i^/icr^ have a dimension of angular momentum and, 
obviously, originate from the 'pure spinor' properties of spin ^ fields, we shall refer to them 
as spin-mixing angular momentum matrices or simply as spin-mixing matrices; by definition, 
the spin-mixing matrix of the field tp (resp. its Dirac conjugate tp) is —\ha^ v (resp. +^ha fll/ ). 
More generally, if X is a state vector and M.^ v {x) (tp ± {k)( X)) = {l/ 1 u(x)l4 : + s fiu }tp ± (k)( X) 
or M. liy (x) [tp (k){X)~) = tp (k)( X){J ^(x)!^ -{-s^}, where and are some operators 
and s^y and s^ u are matrices, not proportional to the unit matrix I4, with operator entries, 
then we shall say that the operators tp^(k) or tp (k) have respectively spin-mixing (angular 
momentum) matrices s^ v and s„„ relative to the state vector X; we shall abbreviate this 
by saying that the states tp ± (k)( X) and tp (k)(X) have spin-mixing matrices s^ and Su V , 
respectively. 

The other additional terms in, e.g., equation (15.131) are i\i(x u ky — x„k u )\ r^rz — ?l4- 

^ ^ l /co=v m c +fe 

They do not mix the components of tp ± {k){X m ) and tp (k)(X m ). These terms may be 
associated with the orbital angular momentum of the (matrix) state vectors tp ziz (k)( X m ) and 

4?(k)(x m ) . 

Thus, from (|5.11|) - (|5.13|) . the following conclusions can be made: 

i. The operators tp + {k) and tp + [k) (respectively tp~ (k) and tp (k)) increase (respectively 
decrease) the state's 4-momentum by the quantity (v m 2 c 2 + k 2 , k). 

ii. The operators tp, tp^ and tp ± (k) (respectively tp, tp and tp ± (k)) decrease (respectively 
increase) the states' charge by q. 

iii. The operators tp + {k) and tp + [k) (respectively tp~(k) and tp (k)) increase (respectively 
decrease) the state's orbital angular momentum by [x^k u — x u k^)\ k _^/ m 2 c 2 +k 2 - 

iv. The operators tp^{k) (respectively tp (k) ) possess spin- mixing angular momentum 
matrices — \ha^ v (resp. +^ha^ v ) relative to states with fixed total angular momentum. 

In this way, the operators tp^{k) and tp^(k) obtain an interpretation of creation and 
annihilation operators of particles (quanta) of a spinor field, viz. 

(a) the operator tp + (k) (respectively tp~(k)) creates (respectively annihilates) a particle 
with 4-momentum (v m 2 c 2 + k 2 , k), charge (— q) (resp. (+q)), orbital angular momentum 
ixpk u — x u ky)\ k _^/ m 2 e 2 +fc 2 > an d spin-mixing angular momentum matrix (—^ha^) and 

(b) the operator tp + (k) (respectively tp (k)) creates (respectively annihilates) a particle 
with 4-momentum (v m 2 c 2 + k 2 ,k), charge (+q) (resp. (—<?)), orbital angular momentum 
{x^ky — x v k^)\ k - , 2+fc2 ) an d spin- mixing angular momentum matrix (+^ha fl ^. 



Let us say a few words on the solutions 1)4.1)1 of the Dirac equations ()3.6() in momen- 
tum picture. If we try to describe them in terms of ordinary operators, not operator-valued 
distributions, in the scheme developed we should put (k,m) = (0,0). But the operators 
tp (0) and tp (0) do not change a state's 4-momentum (see 1)5.11(1 with = k^ = 0, m = 
and Vfj, = 0) and orbital angular momentum and produce states with spin-mixing angular 
momentum matrix — \ha iiu (resp. +\ha^ u ) (see (|5.16c|0 . Since the interpretation of the op- 
erators tp^(k) and tp (k) for (k,m) ^ (0,0) is connected with a non-vanishing 4-momentum 
) and/or non- vanishing orbital momentum (xnk u — x u kn) / — JI4, the 

interpretation of tp^(k) and tp (k) in the limit (k,m) — > (0,0) as creation/annihilation op- 
erators is lost. This is exactly the case if we make the limit (k,m) — ► (0,0) in ()4.19j) . ()4.20() . 
and (|5.5I) 1)5.7(1 (see remark l4~2"|) . But, as we said already, tp (k) and tp (k) should be opera- 
tor-valued spinor distributions (generalized functions) for the solutions ()4.1() . For them ()5.11() 
transform into 

k^ ± (k)(X ) = k l ^ ± (k)(X ) = k = Vk^, (5.17) 

as a result of m = 0, = and ()5.7() . So, if we suppose these equalities to hold for any 
Xq 7^ 0, we get 



k^ ± {k) = k^ ± {k) = k = Vfe 5 (5.I8) 

which convert ()4,19)) and ()4.20j) into identities, due to m = for the solutions (j4.1(h So, for 

example, we can set 

^(fc) = (27rh)-^ 2 Y,af(k)v s ^(k) i^(k) = (27rh)- 3 / 2 Y,at ± (k)v s ^(k) (5.19) 

s s 

a ±(fc) = 5 3 (k)af{k) aj^fc) = 5 3 (k)at ± (k) (5.20) 

where a^(k) and aj =t (fc) are some operators, v s,ziz (k) and u s,± (fc) are the classical spinors 
defined via the equations ((4.22() - ()4.24() . and the constant factor (27r/i) -3 / 2 is introduced for 
future convenience. (The fact that the solutions 1)5. 19(1 - 1)5. 20)) of ()5,17)) are not the only 
ones is inessential for the following.) Consequently, when the solutions (|4.1)) are concerned, 
the operators (operator-valued distributions) tp (k) (resp. tp (k)) decrease (resp. increase) 
state's charge by q and spin- mixing angular momentum matrix by \ha^ v ] they preserve the 
vanishing values of the 4-momentum and orbital angular momentum of the states. How- 
ever, if we consider the solutions 1)4.1(1 as a limiting case when ([tp, T > u\_ : m) — > (0,0) and 
([tp, V^]_,m) — > (0,0), we, by convention, can say that: (a) the distributions ip + (k) (resp. 
ip~(k)) create (resp. annihilate) particles with vanishing 4-momentum and angular momen- 
tum, charge (— q), and spin-mixing angular momentum matrix —\ha^ v , and (b) the distri- 
butions tp + (k) (resp. tp (k)) create (resp. annihilate) particles with vanishing 4-momentum 
and angular momentum, charge (+(/), and spin-mixing angular momentum matrix +^ha^ v . 

Until now the operators tp s r±\(k) and tp s ^±^(k), s = for m = and s = 1, 2 for 
entering in definition 1)5.1(1 . were completely arbitrary linearly independent solutions of ()4.19j) 
and ()4.20l) . As a result, the operators (or operator- valued spinor distributions) tpf(k) and 
tp s (k) are arbitrary linearly independent solutions of the operator equations 

( ± ^\ k0 =V^^ + mcU ^ t{k) = ° ^( k ^k»\ ko=V ^^ + rncU)=0 

(5.21) 

which, in form, coincide with the classical equations ()4.22() . This fact makes it possible to be 
separated the 'pure operator' part form the 'pure matrix-spinor' part in the spinor operators 
ipf(k) and tp s (k). The existence of such decompositions is intuitively clear as one can expect 



the dynamical variables to be expressible through some invariant characteristics of the field 
(the 'operator part') while the transformation properties of the field should be expressible 
via some frame-dependent objects of the field (the 'matrix part'). This separation is most 
conveniently done by expanding ^(k) and ip s (k) as follows (do not sum over s!) 

^f(k) = (27rhy^ 2 af(k)v s ' ± {k) ^J(fc) = (27rh)- 3 / 2 at ± {k)v s ' ± (k) (5.22) 

or, equivalently, 

^(k) = (2nh)-^^ a f^ vS,± ^ ^(*) = (2^)- 3 / 2 ^at ± (fc)U^(fc). (5 23) 



Here v s,± (k) and v s,± (k) are defined via Q4.22|) - Q4.24JI . af(k) and a\ ± (k) are some (1 x 
1 matrix) operators, for solutions different from (|4.1j) . or (1 x 1 matrix) operator- valued 
distributions, for the solutions ()4.1j) . acting on the system's (spinor field's) Hilbert space J- 
of states, a^(fc), aj ± (fc) : T — > J 7 , and af(k) and aj ± (fc) are such that 

{af(k)) j = ot=F(fc) {at ± (k)) jf = af(k), (5.24) 

due to 1)5.4(1 and (|4.23|) . We have met the settings 1)5.22)1 above (see (|5.19[) ) when the special 
solutions (|4.1[) were considered, in which case the distributions af(k) and aj =t (fc) can be 
represented in the form (|5.2Uj) . The operators af(k) and at + (k) (resp. aj(k) and at~ (k)) 
will be referred as the creation (resp. annihilation) operators (of the field). 

From (|5~TT|) - (|5~r^ and (|5~2l?|) . we, applying (j4~2^|) - (|4~2^|) . derive the relations (with 
k := \Jm 2 c 2 + fc 2 ): 23 

V^(af(k)(X p )) = (p^±k^)af(k)(X p ) P M (at ± (fc)(^ p )) = (p„ ± fc>t ±(fc)( # p ) (5.25a) 
Q(a±(fe)(*e)) = (e-g)at(fc)(Ar e ) Q(al ± (fc)( * e )) = (e + g)at ± (fc)( X e ) (5.25b) 
A^^(a;)(o*(fe)( Af m )) = {m^ v (x) ± (x^k u - x„k^)}af(k)( X m ) 



M fll/ {x)(al ± (k)(X, m )) = {m^x) ± {x^k v - x v k, J )}al ± {k){ # m ) 



2 * 



(5.25c) 



where 



a^(k) := v^^iky^ik) = -a s ^{k) = ^(fcfrV^C*) (5.26) 

and the indices s and t take the value for m = and the values 1 and 2 for The 
numbers o - ^} ± (fe), appearing in (|5,25cj) . generally depend on all of the arguments indicated. 
We shall comment on them in Sect. H3 

For the solutions (|4.1jl . the equations 1)5.25)) reduce to: 

fe^af (fe)( Ab) = ^aj ± (fc)( Xq) = (5.27a) 

Q(a±(fe)(Ai)) = (e-q)at(k)(X e ) Q{a\ ± (k){X e )) = (e + q)a\ ± (k){X e ) (5.27b) 



23 The relations involving af(k) are obtained from the similar ones involving tp (k) by multiplying the 
latter from the left by v' s '^(k). Analogously, the relations involving aj ± (fc) are obtained from the similar 
ones involving ip (k) by multiplying the latter from the right by 

7 V^(fc)- 



M^{x){af(k){X m )) =m^{x)a±{k)(X m )-^hY,tfu ± {k)4{k)(X m ) 

1 (5.27c) 
M^(x)(at±(fe)( X m )) = m M ,(x)at ± (fc)( X m ) + -h^ ^(k)4 ± (k)( X m ), 

t 

where, the quantities m^ v {x) in (|5.27c|) contain only a spin angular momentum. 

As a consequence of (j5,25jl . the interpretation of af(k) and aj =t (fc) is almost the same as 
the one of ^(k) and if) (k), respectively, with an only change concerning the spin angular 
momentum. 

If m = 0, then s, t = and the equations (|5.27cj) say that the particles created/annihilated 
by a^{k) possess spin angular momentum — (k) and the ones created/annihilated by 

ag =t (fc) have a spin angular momentum equal to +^ha^H'^ 1 (k). However, for m ^ 0, the 
eigenstates of M.^ are, generally, not mapped into such states by a^(k) and a^ik) as they 
are mixed through the quantities afy (k) via the polarization indices they carry. Now the 
matrices — ^ha^(k) and +^ha^ u (k), with 

KAk)]l t=1 (5-28) 
play a role of polarization-mixing matrices since we can rewrite (|5.27c|) for m/Oas 



M^{x){a ± {k){X m )) = {m^(x)l 2 - ^ ( r± 1/ (fc)}a ± (fc)( X m ) 
M^ia^ik^Xm)) = a\ ± (k)(X m ){m^(x)l 2 + ^a^(fe)}, 



(5.29) 



where 1 2 := (J?) is the unit 2x2 matrix, a ± (k) := (ItSS), and a t:t (fe) := f°J±5S 

So, we can say that a =t (fc) (resp. a^ =t (fc)) creates/annihilates particles (states) with polar- 
ization-mixing matrices —^ha^(k) (resp. +\ha^ v ). This interpretation holds also for the 

massless case, m = 0, if we set a ± (k) := Oq (fe), ^(fe) := al ) ± (k), and <r^(fc) := affi^fe) in 
that case. It is worth mentioning, as a consequence of ()5.27|) . the particles and antiparticles 
of a free spinor field are always different regardless of their mass m and charge q. 

Ending this section, we must note, the interpretation of ^(k), ip (fc), af(k), and aj ± (fe) 
as operators creating/annihilating particles with fixed charge and spin (polarization) mixing 
matrices is entirely based on the equations ()3.24[) and (|3.25p . or, more generally, on ()2.43j) 
and (|2.44|) . which are external to the Lagrangian formalism and whose validity depends 
on the particular Lagrangian employed. In particular, for the Lagrangian (|3.4|) (or ()3.1j) 
in Heisenberg picture), the equalities 1)3.25(1 do not hold for /u = and v = 1,2,3 — see, 
e.g., ((3.32J) and (|2.25l) . The below- written Lagrangian (|11.4|) (or (|11.3I) in Heisenberg picture), 
used in [2], is an example of a one for which all of the equalities (|3.24|) and 1)3.25(1 hold. With 
an exception of the present sections, the equations (|3.24|) and H3.25|) are not used in this 
work. 



6. The dynamical variables in terms of 
creation and annihilation operators 

The main purpose of this section is a technical one: to be derived expressions for the mo- 
mentum, charge and angular momentum operators in terms of the creation and annihilation 
operators introduced in Sect. El The results will promote the interpretation of these operators 
and will be applied significantly in the subsequent sections. 



As (f!T5 )l -(|577 |) imply 

W>> V »l = E/ i^l fc0 =V^W ( -^ +(fe) + ^W)}d 3 fc 

S (6 1) 

the energy- momentum operator ()3.19|) . by virtue of (|5.5|) and (|5.6[) . can be written as 

V = ^E | d 3 kdk'{K\ k ,_ V m2c2+ik , )2 ^t(^ 

s,s' 

- k \=v^^(-^ {k) 0#(*O + ^;(*'))}- (6-2) 

Since the spinors if) and f/? satisfy the Klein-Gordon equation (|4.11jl . this is true also for 
their components and, consequently, according to [11, eq. (6.4)], the equality 

ip £ (k) o c/(fc') o U(x,x ) = e-^- x o ){£k » +£ ' k '^U(x,x )<p £ (k) o <p £ \k') (6.3) 



holds for £,e' = +,— , ho = y m 2 c 2 + k 2 , k' = \J m 2 c 2 + (k') 2 , (f £ (k) = ^a^O^i^a^i^i 
with q being an index denoting spinor's components, and U(x,xq) being the operator ()2.2j) 
by means of which the transition from Heisenberg to momentum picture is performed. 

Substituting ()6.2|) into (|2.22j) . commuting U(x,xo) according to ()6.3j) until it meets 
IA^ 1 {x,xq), performing the integration over x (resulting in (2irh)' i 5 s (k ± A;') and a phase 
factor), and, at last, integrating over k' , we get 24 

s,s' 

+ (Si, + S 2 , + 5 3fl )e-r^°-* oWm^ +k ^+ {kh o Q 

- + 5^ + <Me + * (x °- x o )Vm2c2+fc2 ^;(fc)7° ° ^"(-*)}- (6-6) 



24 The integrals, appearing in the transition from l|2.33|l to Ij6.6^ and similar ones required for the derivation 
of 16.91 1 and 16.121 1 below, are of the type 



OL £,£'—+,— S,S' 



'=£ e Ey^yd-*dVir i (»^)o^ w ^(* lfc ')o^(*')}o W (», a! o) 

— s,s' 

^ ^ ^y d^y d 3 fcd 3 fe'{^(fc)A^(fc,fc') ov£V)K* ( * A_ *° )(£fcA+£ ' fe * ) , (6.4) 

a £,£'—+,— s,s' 



where A™ e /(fe,fc'), a = 1,2,..., are some matrices, fco = \/m 2 c 2 +k 2 , k' = V m 2 c 2 + fc' 2 , and l|6.3|l was 
applied. Representing the exponent in the integrand as 

and taking into account that the integral over x results in (27rft) 3 5 3 (efe + e'fc'), we see that, after trivial 
integration over fc', the above integral takes the form 

J = (2nh) 3 Y, £ ^|d 3 fce-* (l °- I S» t »< El+£ ' 1 »i;:(fc)C.(fc,-( £ l)( £ 'l)/ ; )oi E :(-(el)( £ 'lW. (6.5) 

The reader can easily write the concrete form of the matrices A^ e ,(k,k') in the particular cases we consider 
in this paper. 



Inserting the expansions 1)5.22(1 in the last result and applying (|4.24() (respectively (14,251) ) to 
the different (resp. equal) frequency terms in the obtained expression, we derive the familiar 
result (cf. [1,12]) 

^ = E/ ^\ ko=v ^^{at + (k)oaj(k)-ai-(k)oaf(k)}d 3 k. (6.7) 

We turn now our attention to the charge operator in Heisenberg picture. 25 In view of the 
decompositions (|5.5|1 - (|5.6|) . the current operator (|3.2UI) reads 



(6.8) 



Substituting the last equation into (|2.23f) . commuting the operator U(x,xq) with tp^(k) 
and ip^ (k) according to (|6.3j) . integrating over x (which gives (27rh) 3 5 3 (k ± k') and a phase 
factor), and integrating over k' , we obtain 

Q = q{2vhf d 3 fe{(^(fe)7° o Vv(fe) +^T(fc)7° ° ^W) 

(6.9) 

At the end, the insertion of (|5.22|) here entails (cf. [1,12]) 

2 = ( ?E jW s + (k)oaj(k)+at-(k)oat(k)}d 3 k (6.10) 



where (|4.24|) and (|4.25|) were used. 

Now comes the order of the angular momentum to be expressed via the creation and 
annihilation operators. Combining (|3.21|) . (|3.22|) and l|5.5|) - (|5.6|) . we see that 

M* v = L\ v + S*, = x^T\(x) - x u T\(x) + S* v (6.11) 

where T^ v is given by 1)6. 2j) and the spin angular momentum density is 

S i» = \ Hc T, / d 3 fcd 3 fc / {(^(fc)+^;(fc))(7V^ + ^ 7 A )o(^(fcO + ^-(fc , ))}• (6-12) 

s,s' 

Taking into account ()3.3fl|l . substituting 1)6. 12|) into 1)2.25)1 and performing with the r.h.s. of 
the obtained equality manipulations similar to the ones leading from 1)6,8)1 to 1)6.9)1 , we derive 
the following representation for the spin angular momentum in Heisenberg picture: 

S 0a = (6.13a) 
S ab = h(2nhf Y, f d 3 fc{(V^(fc) 7 V afe o ^-(k) +^7(fe)7 cr a6 o ^+{k)) 

s,s' 

(6.13b) 



In momentum picture, it will be found in Sect.0 see l|7.3()[l . 



where a, b = 1, 2, 3. 

Similar transformations of the orbital angular momentum (j2.24j) give its value in Heisen- 
berg picture as 26 



8 8 



dk 







-&(x°-x°)ko 



5 



+ 



kj — + 



(^(fc) 7 °o^(fc')) 



, . f 8 d 



M V<%^ 8k! v 



d d 
+ 



dk^ die"*. 



fc'=-fc 

fco = \/ m 2 c 2 +k 2 



(6.16) 



where (|6.6|) was taken into account, the derivatives with respect to ko, like -^^f(k), must 

26 To prove l|6.160 , one has to substitute <¥>.'2l into H2.24|l , then to apply H6.3|l , to calculate the space integral 
over x, and, at the end, to integrate over fe'. The integrals, one has to calculate, are of the type 



a e,e'=H 



J = Y Y Y J J d 3 fcd 3 fc'x a W~ 1 (a;,a;o)o{^(fc)^(fc,fc , ) V' s e '(fe')} U(x,x ) 

£' — +,— S,S' 

= Y Y Y /d 3 fcd 3 fe'{^(fe)A^(fe,fc') o^ s ',(k')}x a e-Tn {xX - x o K£k ^ +£ ' k '>-\ (6.14) 



a e,e'=H 



where a = 1, 2, 3, A" e , (k, k'), a = 1,2, ... , are some matrices, fco = \J m 2 c 2 + k 2 , and k' — v m 2 c 2 + k' 2 . The 
integration over x results in (2ttK) 3 l—ih-g^^p-g-^j S 3 (ek + e'k'). Simple manipulation with the remaining 



terms, by invoking the equality f(y) d y- v > = — 9! q^ S(y) in the form 



/ d yd zf(y,z)—. f 

J w Jya ' d(y a - z a ) 



gives the following result: 



d 3 yd 3 zhf( y ,z)-f(z,y)) 



dS 3 (y-z) 
d(y a - z a ) 



- A 3 yd 3 z5\y-z)[ — -— f(y,z 



d d 



Qya Q z a 



J = (2Tth) 3 J2 Y Yj d S kd 3 k'5 3 (£k + e'k , )e-^ x "- x >^ 1+£ ' 1) 

OL £.£ , = -\-,— S,S f 



{(x° 



x ) 



On 1 / k a k a 



2 V fc fco 



+ -r- } + xo a + -ih £tt7— + e 



d , d 



dk a dk 



-) } {^(fc)iO(fc, fe') o (*')}. (6.15) 



The particular form of A" £ , (fe, fe') is clear from (12.2411 and 16.21 . So, applying several times (16.1511 . calculating 
the appearing derivatives, and, at last, performing the trivial integration over k or fe' by means of 5 3 (efc+£'fc'), 
one can derive (16. 161 after simple, but lengthy and tedious algebraic manipulations. 



be set equal to zero, and 27 



A(k)k, 



_d_ 



B(k) :-- 



^ B(fc) + (w ^) 



dk 1 - 



k, 



< ► 

d 



( m W° m ) (fU7) 



for (matrix) operators A(k) and B(k) having C 1 dependence on k. If the operators A(k) 
and B(k) tend to zero sufficiently fast at spacial infinity, then, by integration by parts, one 
can prove the equality 



j d 3 fe{A(fe)(fc„ 



a a 

"Is 



Ok 
2 



oB 



(*)} 







ko=y/ m 2 c 2 +k 2 

d 



aw} 



ko=y/ m 2 c 2 +k 2 



2 /**{((^-*sf) a <*>) •*<*>} 



fco=\/ m 2 c 2 +fc 2 



(6.18) 



By means of these equations, one can reduce (two times) the number of terms in (|6.16[) . but 
we prefer to retain the 'more (anti)symmetric' form of the results by invoking the operation 
introduced via (|6.17j) . 

Let us represent the spin and orbital angular momentum operators (|6.13j) and (|6.16j) as 
sums of time-dependent and time- independent terms: 



1~ 



(6.19) 



where 



+ e+ ^ (a: o_ a: o )x /^^2— (fc)7°«T^o^(-fc)} (6.20a) 



Is 



X ^ u l X ^ 

"OOmT r 

K fc 



9 5 

+ 



(^(fc)7°°V>J(A0) 



, , a a 

kj — + 



+ e+ft(-°-»8)*»[(-^ + a to 



a/> 



x fc. 



5 5 

+ 



, , a a 



(^-(fc)7 o^-(fc'))}| fc '=-fc 

fc ( )=\/-m 2 c 2 +fc 2 



Now we shall prove that 



(6.20b) 



3.21) 



27 More generally, if uj : {T — > JT} — > {JF — > J 7 } is a mapping on the operator space over the system's Hilbert 

space, we put Alo o B := — w(j4.) oi?|io ^(-B) for any T — > .F. Usually [2, 13], this notation is used 

for = <9 U . 



For the purpose, define the quantities 

f-'±(fe) := ^±( fe)cv </>±(-fc) = _ f -'. ±( fe ) (6.22) 

ss / ± o I ^ for /i = or 1/ = 

(X " \^(*°-8)V^^^( fc ) for /j,,v j^Q ' (6 ' 23) 

in terms of which 1)6. 20a)) reads 

%„(x°) = \hY, f d 3 k{T^ + (x°,k)ai + (k) oa+(-k) + r^-(x°,fc)ot-(fc) °<v(-fc)} 

(6.24) 

as a result of the substitution of 1)5.22)) into ()6.20aj) . Inserting 1)4.28)1 into equation ()6.22j) and 
using <EH5|) and (|XT7|) . we get 

= ±2i^(-fe)A ± (+fc)(^ T ) T (±7 A A: A + mcl 4 )(fe M 7»/ " ^TmK''* 

= ±2iA* ± (-k)A±(+k)(v°' T ) J (k^ u - k u ^)(T7 X k x + mcl 4 )^'* ± . (6.25) 

Substituting (l5~22)l into (|6.20hj) . we see, on one hand, that C.Q a {x^) = for a = 1,2,3 as a 
consequence of (|4.25|) . On the other hand, performing the differentiations in the obtained 



equation, with [i, v ^ 0, by means of 1)4.28)) (see equation 1)6.48)1 below) and applying 1)6.2 
we get jC a b(x°) = — S a b(x°), a,b = 1,2,3. These results, together with So a (x°) = 
(see 1)6.1 3a|) V complete the proof of (JOO- Q.E.D. 
Inserting ()5.22|) into ()6.13b|) , introducing the quantities 

QO /_i_,, N [O for u, = or v = 

C'^fc) := {.ss',± (h , f , n (6-26) 

\ k ) for 7^0 

with ajfu'^ik) defined by ()5.26j) . and using ()6.13a)) and ()6.19|) . we obtain the time- independent 
part of the spin angular momentum in Heisenberg picture as 28 

°<V = l H J2j d 3 k{a s ^-(k)ai + (k) o a;(fc) + a s ^ + {k)a\~{k) o a +(fc)}. (6.27) 

s,s' 

We should note the that the quantities (|5.26f) and hence ()6.26)) . generally, depend on all 
of the arguments indicated and, for m ^ 0, are not diagonal in s and s' , i.e. they are not 
proportional to 5 SS (= 1 for s = s', = for s / s'). However, if m = 0, the indices s and s' 
take the single value 0, s, s' = 0, so that ()6.27)) reduces to 

\u\ m=Q = \ti J d 3 ^^(fc)4 + (fc)oa ,^ (6.28) 
The 'diagonal' part of the quantities ()5.26|) is real due to ()4.23|) . viz. 

Kt' ± (fe))* = </(fc) ! (6-29) 

where the asterisk * means complex conjugation, but, because of (see 1)3.25)) and do not sum 
over \x and v) 

W ,=t (fc))* = W uv v^'^{k)a, u v s ^{k) = w^^fc), (6.30) 



In momentum picture, the spin angular momentum will be found in Sect.|7| — see equation 117.91 below. 



the 'non-diagonal' part of the quantities Q5.26JI is, generally, complex for some p and v and if 
s ^ s' (for, of course, m/0). However, using (|5.24|) and (|fi.3()j> . one can prove that the sums 
over s and s' of the first/second terms in the integrand in (|6.27|) are Hermitian operators 
(with, as it is well known, real eigenvalues). 

To get a concrete understanding of the quantities (|5.26j) and (|(122j) . we shall present below 
their particular values in some special frames. As (k) = —erf? (k), not all of the quantities 
c^l(k) are independent. Below we present only the independent ones, corresponding to 
(fj,, v) = (0, 1), (0, 2), (0, 3), (1, 2), (2, 3), (3, 1). We also omit the argument k to save some 
space. 

If m / 0, there is a frame such that k = 0. Following [1,2], in this frame, we choose 
(see (l4~2H with k = and A±(0) = ^) 



t,tL- = (^.+) T = (0,0,0,1) «t 2 .- = (^'+) T = (0,0,1,0) 



v 



{v x >-y =(1,0,0,0) «t 2 .+ = (t, 2 .-) 1 =(0,1,0,0). 



(6.31) 



Then, working with the representation (j3.2j) of the 7-matrices [1,2], from equations (|5.26j) 
and ()6.22|) . we, via a straightforward calculation, get: 

^'' ± = = ±(-l) s 6 ss ' a = 1,2,3 s,s' = 1,2 . 

. ss ',± = fl forks' &SS ',± = fT(-l) s i forks' \ (6-32) 
a23 [0 for s = s' [0 for s = s' ' 

f f± = _^'i rg * = ±(-iy5 ss ' f f' ± = ±(-l) s (l-^')i ^ = 0. (6.33) 

Similarly, for m / 0, in a frame in which k 1 = k 2 = 0, we put [1, sec. 7.3]: 

v n- = (V>+) T = N~ 1 (p, 0,1,0) v^ 2 '- = (v 2 ' + ) T = iV- 1 (0,-p,0,l) 



; ti.+ = („!-)' =N- 1 (l,0,p,0) v^ 2 '+ = (v 2 '-) T = N-\0, 1,0,-p) 



(6.34) 



where p := , k and iV = yl + p 2 . Then, in the representation (j3.2|) of the 

mc+ym 2 c 2 +fc 2 

7-matrices, from (J5.26)) and (|6.22jl . we obtain for m/0 and ko = \J m 2 c 2 + k 2 : 

^'' ± = ^i2 ,± = (-l) s ^' a = 1,2, 3 s,s' = 1,2 
~ f! ',± = Jf forks' ^ )± = J(-l) s fi forks' |> (6-35) 



for s = s' 31 I for s = s' 



fc 



[l-8 ss )i fS' ± = (-l)'(l-«") ^ = (-1)^1- 



r i2 =0 r 23 =-(-1)2(1 -5 r 31 =-2(1-5 )i-^. 



(6.36) 



Notice the appearance of the imaginary unit i in the last formulae in (|6.32|) and (|6.35|) . which 
is in conformity with (|6.30|) : the rest of the results agree with (|6.29|) . 

For m = 0, in a frame in which k 1 = k 2 = 0, we set (see OA with A±(k) = 

± 1 ) 

= (v°> + ) T = 0,1,0) «t0,+ = (v D,-)T = __L (0)P)0)1); (6 . 37) 

where p := , fc3 = , fc3 € { — 1,+1}, and, correspondingly, we get: 

^Oa =°23 = 31 =0 °"l2 = ~1 a = 1,2, 3 (6.38) 



(6.39) 



~00,± i ■ -00,± -00,+ ■ ^ 

r 01 ' =±pi r 02 ' =-p r 03 ' =-pi I 

-00,- ~00,± n a0O,± -i *oo,± I 
T 03 = r 12 =° r 23 =-! r 31 ==F1- J 

To calculate the quantities 1)5. 26 j) and 1)6.22)1 in an arbitrary frame, one should use 1)4.28)1 
or an equivalent to it explicit form of the spinors V s ' (k) with s = 1, 2 for m / or s = 
for m = 0. 

If we write the spin vector ()3.18j) as 

S(k)d 3 k, (6.40) 



the results CT . (I63H1) . and (IQ9l imply 

°5 3 (fc)| m ^ = 5 3 (fc)| m ^ = l -h{-a\ + {k) o or(fe) + 4+(k) o a 2 -(fc) 4 

- a\~(k) o af(k) + 4~( fc ) ° a t ( fc )} 
°5 3 ( fc )L=o = <5 3 ( fc )L=o = ° a o (*0 + 4~(*0 ° a o + (*0} (6-42) 

in a frame in which k 1 = k 2 = 0. From here, for m ^ 0, follows that the spin projection, 
on the third axis (of the chosen frame of reference) is — for the particles corresponding 
to a\ + (k), a^(k), a\~(k), and af(k), while it equals for the ones corresponding to 

a\ + {k), a 2 (k), (k), and a^fc). Similarly (see (|6.42|l ). for m = 0, the spin projection, 
on the third axis (of the chosen frame of reference) is — \% for the particles corresponding to 
any creation/annihilation operator. 29 Further details regarding the spin angular momentum 
and its interpretation can be found in [3, 12, 13]. 

Let us express now the orbital angular momentum (|6.16|) in terms of the operators (fc) 
and 4 ± (fe). Substituting (P2l) and (JEZJ into (l6~T6|) and applying ijrTHfll . (IQ3l) and l|05|> . 
we obtain the time-independent part of the orbital angular momentum in Heisenberg picture 

30 



as- 



) £»v = J2 d3 Hxo^K-x 0u k^)\ kQ= r^^{al + (k)oa s (k)-al (k)o a f(k)} 
+ / d 3 fe{^''-(fe)4 + (fe) o + + (fc)4-(fc) o a+(fc)} 



-» 



+«I-w(*^-^)-^(*)}Lv^' (6 ' 43) 



fco=\/ m 2 c 2 +fc 2 



29 After the normal ordering, this interpretation of of (fe) and aj (fe) will be partially changed. In that 
connection, the reader may notice some contradiction of the interpretation of the creation and annihilation 
operators, given in Sect.Q3 and the expressions ffl7p . Hfi.lOjl and l|6.27fl . It will disappear after normal ordering 
of products. For details, see Sect.|5] 

30 In momentum picture, the orbital angular momentum will be found in Sect.0 — see equations l|7.11^ 
and l|7.14[l below. 



where 



/IV 



(k) : = i,t^(fc)(^ A - K^y^(k) = -lt^(k) 



-2i k 



d^(fc) _ drf^kU s , j± (6.44) 



with the restriction ko = y m?c 2 + k 2 done after the differentiation (so that the derivatives 
with respect to ko vanish). The last two equalities in Q6.44JI are consequences of (see (|4.24jl ) 

dk x V + « f ' ( fc ) g fc A = 0. ( 6 - 45 ) 



so that 



Notice, the equation (|6.45j) implies (see (|4.23j) ) 

= (6-47) 

So, l S ffi) (k) are real and, by virtue of Q5.24J1 . the sums of the first/second terms in the last 
integrand in (|6,43|) are Hermitian. Using l|4.28|l . one sees that the derivatives in the last 
equality in (|6.44j) are 



""•*<*1 ,„l - . ..o\...,± , „-i, M «d±(*). 

where a = 1,2,3, A±(k) are some normalization constants and are given by (|4.29|) . 

The charge, spin and orbital angular momentum operators in momentum picture will be 
found in Sect. [7J 

Since the right-hand-sides of 1)6. 27j) and 1)6.43(1 are constant (in spacetime) operators, we 
have 

d x %v = d x %„ = 0. (6.49) 

Besides, by virtue of (|6.19f) . (j6.21|) and (|2.20f) . the total angular momentum operator of the 
spinor field under consideration is 

M-nv = %v + %» (6.50) 
and, as a result of (|6.49|) . satisfies the evident conservation equation 

d x M^ = 0, (6.51) 

which agrees with (|2.26|) . We shall call the conserved operators °S^ V and ^C^ v the spin (or 
spin charge) operator and the angular operator, respectively, of the spinor field. In fact, these 
invariant characteristics, not the non-conserved spin and orbital angular momentum, of the 
field are the ones which are used practically for the description of a free spinor field; for 



instance, the vector components (|6.41|) and Q6.42J1 are, actually, the only spin characteristics 
of a free spinor field examined in the (text)books [1,2,13]. 

Ending this section, we would like to make a comparison with the expressions for the 
dynamical variables in terms of the creation/annihilation operators af(k) and a s (fe) in 
(the momentum representation of) Heisenberg picture of motion [1-3,13]. As a consequence 
of (|4.18|) . the analogues of the creation/annihilation operators, defined in terms of spinors 
via (|5.1j) and (j5.2|) . are 



i>f(k) = e ± m x S^f(k) 4> s (fe) = tr^^f (fc) {k = \An 2 c 2 + k 2 ) 

(6.52) 

$±(fc) = e ± ^ I o fc ^ ± (fc) i (fe) = e ± ^ I o fc "^ ± (fc) (fc = \/m 2 c 2 + k 2 ) 
in Heisenberg picture. Therefore, defining (cf. (|5.22jl ) 

4>f(k) =: (27rh)~ 3 / 2 df(k)v s ' ± (k) ^f(fc) =: (2Trh)- 3/2 dl ± {k)v s ' ± (k), (6.53) 
we get the creation/annihilation operators in Heisenberg picture as 



df(k) = e ± TK x o k »af(k) a^flfe) = e ± m< fe M a t±( fc ) fa = ^f m 2 c 2 + k 2 ). (6.54) 
Evidently, these operators satisfy the equations 

{df(k)y = ~a^(k) = aJW, (6.55) 

due to (|5.24|) . and have all other properties of their momentum picture counterparts described 
in Sect. EJ 

The connection (|2.4|) is not applicable to the creation/annihilation operators, as well as 
to operators in momentum representation (of momentum picture), i.e. to ones depending 
on the momentum variable k. In particular, the reader may verify, by using the results of 
Sections |U and the formulae 

af(k) = e^TK x ^U(x,x ) o df(k) o U-\x,x Q ) 
at±(fc) = ^tr x ^U{x,xq) o at±(fe) o U^faxo) 



k = Vm 2 c 2 + k 2 , (6.56) 



from which equations (|6.54|) follow for x = xq. (Notice, the right hand sides of the equa- 
tions (|6.56|) are independent of x, due to the Heisenberg relations l|2.7|) .) 

From (|6.6j) - (|6.13[) . Qfi.27|) . and (|6.52j) - (j6.54j) . it is clear that all of the obtained expressions 
for the momentum, charge and spin angular momentum operators in terms of the (invariant) 
creation/annihilation operators remain unchanged in Heisenberg picture; to obtain a Heisen- 
berg version of these equations, one has formally to add a tilde over the creation/annihilation 
operators in momentum picture. However, this is not the case with the orbital operator (|6.43j) 
because of the existence of derivatives in the integrands in (|6.16|) and Q6.43JI . We leave to 
the reader to prove as exercise that, in terms of the operators (|6.54j) . in (|6.16|) the term 
xq^Vu — xq u V^ should be deleted and tildes over the creation/annihilation operators must 
be added. Correspondingly, equation (J6.43|) in Heisenberg picture will read 

\ v = ^E/ d 8 fc{l#-(fc)at + (fc) o ~ a -,{k) + l^ + (k)~a\-(k) o a+(fc)} 



*.-(*)(*m^ - K w) °^ k) }Lv^ • (6 - 57) 



fco=\/ m 2 c 2 +fc 2 



7. The field equations in terms of creation and 
annihilation operators 



As we said at the beginning of Sect.^J the equalities ()3.6j) . (|2.22f) and (|3.19|) form a closed 
algebraic-functional system of equations for determination of the spinor field operators and, 
consequently, of the dynamical quantities characterizing a free spinor field. Since, from 
sections El and we know that the field operators and dynamical variables of a free spinor 
field can be expressed uniquely via the creation and annihilation operators af(k) and aj =t (fc), 
which are invariant (frame- independent), in the present section we shall derive a system of 
equations for these operators, which system is equivalent to the one just described. In fact, 
this procedure will be equivalent to write the field equations (in Heisenberg or momentum 
picture) in terms of creation and annihilation operators. 

The problem, we want to analyze, is as follows. Given field operators ip and ip with 
decompositions (see IJ5.5J1 . (jf>,6jl . and (|5.22|0 

?P = J2 I dfc{^+(fe)+^-(fc)} = (2^)~ 3/2 E / dk{af(k)v s ^(k)+aj(k)v s ^(k)} 

s J s J 

(7.1a) 

Jj = Y j [ dk{^t(k)+^Ak)} = (27rh)- 3 / 2 Y J [ dk{af(k)v s >+(k)+at-(k)v s >-(k)}, 

s J s J 

(7.1b) 

find (the explicit equations describing) af(k) and al =t (fc) such that the equalities ()5.7|) hold. 

The results of sections E] and [3 show that (|5.7|) are the implicit equations of motion 
for tp and tp as, under the definitions of the quantities in them, they are equivalent to 
the initial Dirac equations (j3,6j) . The equations (|5,7[) and (|6.6|) form a closed system of 
equations with respect to ipf(k) and ip s (k). The substitution of (|6.6|) into (|5.7j) results into 
an explicit system of equations relative to ip^(k) and ip s (k); one can easily write it out in 
full. However, it is rather complicated, which is due to the non- invariant, frame-dependent, 
character of the operators ipjr{k) and ip s (k). This dependence can be removed by specifying 
these operators as in ()5.22|) . In this way one gets a closed system of equations for the invariant, 
frame- independent, operators ajr(k) and aj ± (fc). It can be derived in the following way. 

Inserting (|5.22() into (|5.7|) and taking into account that v ^ and v s,ziz 7^ 0, due to the 
linear independence of these spinors (see also the normalization conditions (|4.24j) ). we see 
that (|5.7I) is tantamount to: 

[af(k), Ppl = Tk^af(k) = T / q^af(k)5 3 (k - q) d 3 q (7.2a) 
[a^ik), r„l = T^at±(fe) = T J (k)5 3 (k - q) d 3 q (7.2b) 

ko = V m 2 c 2 + k 2 qo = \jm 2 (? + q 2 . (7.2c) 

Substituting here (|6.7[) . with an integration variable q for k and summation index t for s, we 
get (do not sum over s!) 



Yl / ^\ qo =j m '^+ q 'A [ a ^( fc )' 4 + (q) ° a t (g) - 4 (q)°4(<i)]. 

t J 

±af(k)5 st 6 3 (k-q)}d 3 q = 

Yl / ^\qo = J m^+q^ { M ± ( fc )» Q t + (g) ° a t (q) ~ 4 ~ (g) ° Qf + (<?)], 

±4 ± (fc)^ ( 5 3 (fc-q)}d 3 q = 0. 



(7.3a) 



(7.3b) 



Consequently, the operators af(k) and aj =t (fc) must be solutions of 

[af (fe) , of + (q) o a~ (q) - a\ ~ (q) o a+ (q)] _ ± a± (fe) 5 st 5 3 (k - q) = ff t (k , q) (7.4a) 
[ai ± (k),at + (q)oa^(q)-at(q)oat(q)]_±at ± (k)5 st 5Hk-q) = fl t ± (k,q), (7.4b) 

where f^(k,q) and /j 4 (fe, q) are (generalized) functions such that 

E / ^l w =V£5^/rt(M)d 3 g = ° S / ^1^=^^?/^^^)^ = °- (7.4c) 
t J t J 

Since any solution of the Dirac equations can be written in the form (|7.1|l with of (fe) 
and a£ (fe) being solutions of (|7.4|) . we can assert that the system Ij7.4jl is equivalent to the 
initial system IfM.fiJI under the subsidiary condition (|2.7jl . In this sense, 1)7.4(1 is the system 
of field equations in terms of creation and annihilation operators in momentum picture. 
Comparing it with the system(s) of field equations in terms of creation and annihilation 
operators for a free charged scalar field [11], we see that the structure of these two types of 
algebraic-functional equations is quite similar; the only essential difference being in the signs 
before the second terms in the commutators in (|7.4a|) and ()7.4b|) as in a case of free charged 
scalar field in this place stands +a\~ (q) o af(q) instead of the term — aj~(q) o a+(q). 31 

As a first application of the field equations (|7.4|) . we shall calculate the commutator 
[Spy, V\\_ between the spin angular momentum operator in Heisenberg picture, S^ v , and 
the momentum operator V\ = V\. Applying the equalities (|6.27|) . with q for the integration 
variable fc, and (|fi.7j) . with summation variable t for s, we get 

[%»,Vx]_=hj2 I d 3 Qd 3 fcA ;A | fco= ^^{<;--(q)^(q,fc) + < 

s,s',t J 

where 

Bl, t (q,k) := [4±(q) o aj(q),<4 + (fc) o (k) - aj" (fe) o o+(fc)]_. 

Using the identity [A o B, C]_ = [A, C]_ o B + A o [B, C]_, (fTlajl and (|7.4bj) . we see that (do 
not sum over s and s'\) 

BZ, t (q, k) = (T6 st ± 5 s , t )5 3 (q - fc)at±(q) o aj(q) + aj(q)/] t ± (q, fe) + 4±(q)/T (q, k). 

Substituting this result into the above expression for ^S^, V\}_, using (|7.4c|) (with k for q 
and vice versa) and summing over t, we obtain 

[%u,Vxl = 0. (7.5) 

So, for free spinor fields the spin operator in Heisenberg picture commutes with the momentum 
operator in Heisenberg or momentum picture (see (|2.9|) ). 

Similar manipulations with the time-dependent part (|6.24|) of the spin angular momentum 
give the relation 



l% u (x°), Vxl = S xh^2 j dWmV + fc 2 

s,s' 

x {-<' + (x ,fc)at + (fe)oa+(-fe)+r-''-(x ,fc)at-(fe)oa;,(-fe)}, (7.6) 

31 This comparison is based on the 'first' choice of a Lagrangian and the 'third' choice of an energy- mo- 
mentum operators in [11]. Regarding some problems of a choice of Lagrangian(s) and structure of conserved 
quantities — see Sect. 1111 



which, by virtue of (|7.5|) and ()6.19j) . implies 
[ V, Vxl = SoxhYl J ^kVm^ + k 2 

s,s' 

x {-<• + (x^fc)at + (fe)oa+(-fc)+T-'-(x^fc)at-(fc)oa;,(-fc)}. (7.7) 
By virtue of (|2.2|) (or footnote EJ) and (|7,5|) . we have 

[°S^,U(x,x )l = (7.8) 

where U(x, xq) is the operator responsible for the transition from Heisenberg to momentum 
picture. So, (|2,4|) implies 

V = °<V (7-9) 

i.e. the spin operators is one and the same in Heisenberg and momentum pictures. 32 Com- 
bining the above results with (|6.50j) . (|6.21j) . ()2.33JI . ()2.35jl and (|2.37|) . one can easily derive 
the following equalities: 

= %u + M„ v = + V ( 7 - 10 ) 

= £ M „ + (x^ - x 0fJ _) V v - (x v - x 0u ) (7.11) 

[%u, Vxl = V x }_ = -ihi^Vv - nXuV^}. (7.12) 

[% v ,U(x,x )]_ = [°C^,U(x,x )}_ (7.13) 
= -{(x M - x 0fM )V u - (x v - x 0u )V^} o U(x,x ). 

As a result of (|6.43j) and 1)7.11)1 , the explicit form of the orbital operator in momentum picture 
in terms of creation and annihilation operators is 

= J2 ^ k ( x n k v - x u k^)\ ko / m2c2+k2 {al + (k) o a~(k) - aj"(fc) o a+(fc)} 

+ \ h Y,J d 3 k{l s ;;>-(k)ai + (k) o a p(fc) + l£> + (k)at-(k) o a+(fc)} 



+ 4-W(^^-^^)oa-( fc )}|^ v ^. (7.14) 

For the purposes of the present work, the equalities 1)7.9)) and 1)7. 14|) are very important 
as they, in view of (|fi.27j) . give explicit representations of the spin and orbital operators (and, 
hence, of the total angular momentum operator) in momentum picture via the creation and 
annihilation operators (in momentum picture). 

If we split Q Cfj, v into a sum of two conserved operators as 

f-'lLV £[1V £-[XV (7-15) 

2 C, V :=+^E/ d 3 fc{^(fc)4 + (fe)oa;,(fc) + /-' + (fe)at-(fe)oa+(fe)} (7.16) 



32 From Ij7.9^ does not follow the conservation of the spin operator; it is a consequence from the considera- 
tions in Sect. |S1 



^ := j <^ k ( X H k V ~ Xuk^) l fc()=% / m 2 c 2 +fe 2 {4 + ( fc ) ° fl S ( fc ) - 4 ( fc ) ° 



+ 4-(fc)(^^-^)o a -( fe )}| fco=x/ -^ ; (7.17) 
then, from the proof of (|7.5|) . it immediately follows 

[%„,Pxl = 0, (7.18) 

which implies 

[% u , U(x,x o )l = (7.19) 

2 C^ = \ u . (7.20) 

Combining the above results with (|7.11j) - (|7.13j) . we obtain 

= 3 £ Ml , + (x^ - xq^Vu - (x v - xa^Vp (7.21) 

Vxl = [ 3 £ M „ Vxl = —ih{r]Xfj, V v - rixuV^}. (7.22) 

[ 3 £ M „ U(x,x Q )}_= [ 3 C^,U(x,x )l (7.23) 
= -{(Xfj, - x Qtl )V v - (x v - x 0u )V^} o U(x,x ). 

As a result of (17.21(1 . in Heisenberg picture and in terms of the Heisenberg creation and 
annihilation operators (|6.54j) . the terms proportional to the momentum operator in (|7.17j) 
disappear, 



+ sJ-(*)(*>^ os. + (*)}L J^i? • < 7 - 24 » 



So, the conclusion can be made that the non-commutativity between the total angular 
momentum or orbital operator with the momentum operator is entirely due to the opera- 
tor ifHTj) or, more precisely, to the terms containing derivatives in (|7.17|) . i.e. in the expression 
for the orbital operator C^ u . 

It is important to be noted, the operator ^C^ v is a carrier of the pure orbital angular 

2 ~ ~ 

momentum of a system while the sum Cp LV + S^ u represents its pure spin angular momentum. 

Using the explicit results (|6.7|) , (|6.1U|) and (|6.43j) , in a way similar to the derivation of (|7.5j) 
(by essentially employing the equation of motion (|7.4l0 . one can derive by direct calculation 
the relations: 

[V^V v ] = (7.25) 
[ Q, V v \ = (7.26) 
Vx] = -iKrjx^ - rjxvVj. (7.27) 



We emphasize ones again, the relations ()7.25)) - ()7.27|) are external to the Lagrangian formalism 
and their validity depends on the Lagrangian one employs. The equation 1)7.27)) agrees 
with CZ32K, obtained from and $£55$ ) and, by virtue of l(73Jl . fT^ . (|23H|) and (t2~27H) 
implies 

[AV, ^a]_ = -iHvxuPv ~ VxuV„}- (7.28) 

which justifies the choice of the sign on the r.h.s. of 1)2.33 J) . Notice, 1)7.14)1 agrees with 1)5.13)1 
and l)5.25c)l (see also Sect. ITU)) which will not be the case if on the r.h.s. of 1)2.33)) stands +ih 
instead of —ih. 

Since 1)7.26)1 implies (see footnote [5] or 1)2.2)1 ) 

[Q,U(x,x o )}_ = 0, (7.29) 

from the general equation 1)2.4)1 . with A = Q, we get 

Q= Q. (7.30) 
So, the charge operator is one and the same in momentum and Heisenberg pictures. 



8. The anticommutation relations 

As we said in Sect. |?1 the main difference between 1)7.4)1 and a similar system of equations 
for a free charged scalar field is in the sign in the second terms in the commutators in them. 
There is also and a second difference, which is and the last one. We have in mind the presence 
of the polarization (spin) indices s and t (taking the values 1 and 2 for m^O and the value 
for m = 0) in 1)7.4)) . However, this second difference is (formally) insignificant as we, for 
instance, can introduce new variables, say a and f3, and put a = (s, k) and (3 = (t, q). So, if 
we set 6 (a — (3) := 5 s tS 3 (k — q) and J d/3 := Ylt I ^ 3 9' ^ ne mentioned second difference will 
disappear. Hence we can treat the polarization and momentum variables on equal footing. 
These reasonings allow us to transfer the investigation of the (anti)commutation relations 
in [11] for scalar fields to spinor ones mutatis mutandis, almost automatically. 
Applying the identity 

[A, B o C]_ = [A, B] £ oC-eBo [A, C} £ , (8.1) 

where e = ±1 and [A, B]±i := [A, B]± := A o B ± B o A for any operators A and B (with 
common domain), we rewrite 1)7.4)1 as 33 

[ai{k),a\ + {<l)]e°ai{q)-ea\ + {q) o [af (k) , (q)} £ 
-[af(k),at-(q)] £ oat(q)+eat-(q)o[af(k),at(q)} £ (8.2a) 

±af(k)5 st 5 3 (k-q) = f±(k,q) 
[at ± (k),al + (q)] £ oai(q)-ea\ + (q)o[at ± (k),a^q)] £ 
- [at ± (ft) , 4 - (q)] £ o a+ (q) + ea\ ~ (q) o [a\ ± (k) , a+ (q)] £ (8.2b) 

±at ± (k)5 st 5 3 (k-q)=fl t ± (k,q). 

33 Here and below, do not sum over s in expressions like af(k)8 3t . 



Writing these equalities explicitly for the upper, "+", and lower, "— ", signs, we see that they 
can equivalently be written respectively as: 

±[o±(fc) J t4 ± (g)] e o af{q) ± ea^(q) o [af(k), af(q)} E 

T [af (k) , a\ T (q)] e o a f (q) T ea\ ± (q) o [af(k) , of (q)] e (8.3a) 

±af(k)5 st 5 3 (k-q) = f±(k,q) 
±[ai ± (k),a\ ± (q)] £ o af (q) ieaj^g) o [aj±(fc), a±(q)] e 
T [at±(fe),al T (q)] e o at(q)Tea\ ± (q) o [ a t±(fe), af (q)] e (8.3b) 

±at ± (k)M 3 (fc-q) = /i ± (fe,g). 

Following the book [1, subsect. 10.1], we shall assume, as an additional condition that 
the (anti)commutators of creation and annihilation operator are proportional to the identity 
operator of system's Hilbert space J- of states. 34 Namely, we assume the following conditions: 



[af(k),af{q)} £ = gt st {k,q)\df [^(fe), a| ± (q)] £ = g\%{k, q) id^ 

[af (fe),a±(q)] e = &± st (fc,q)id^ [ a t=F(fc), a t t± (q)] e = b\%{k,q)\6 T 

[af(k),a\ ± (q)] £ = dt st (k,q)\d T [4 ± (fc), af(q)] £ = edf^q, k) \d r 

[aj (fc),aj ± (q)] £ = ej st (fe,q)id^ [aJ T (fc), af (q)] e =ee^(q,fc)id^ 

where e = ±1 and <?f si , fl^^, ef sf are some complex- valued (generalized) functions, 
which we have to determine. These last (generalized) functions are subjected to a number 
of restrictions which were derived in [11, sections 7 and 15]. Their explicit form is: 

(fe + q) 5 ± t (fe,q)=0 (k + q)g\%{k, q) = (fe + q)< st (fc, q) = (8.5a) 
(k - q)btJk, q) = (fe - q)4t(fe, q) = (fe - q)e± t (fe, q) = (8.5b) 



( V m 2 c 2 + k 2 + ^m 2 c 2 + q 2 ) a{k, q) = for a = #J st , a^, dj st (8.6a) 

( \/m 2 c 2 + k 2 - ^m 2 c 2 + q 2 )/3(fc, q) = for = bj st , ej st . (8.6b) 

Regarding gf st , g E st , ... ,ef st as distributions, from (|8.5|1 . we derive: 

/(q)a(fc, q) = /(-fe)a(fe, q) for a = gf jSt ,g\%, df^ (8.7a) 

/(q)/?(fe, q) = /(+fc)/?(fe, q) for /? = 6± st , &t± , ^ ( 8 .7b) 

for any function / which is polynomial or convergent power series. In view of (|8.7|) . the 
equalities ()8.6b|) are identically satisfied, while (|8.6a|) are equivalent to the equations 

Vm 2 c 2 + k 2 a(k, q) = for a = g± t , g\%, dt st . (8.8) 



Substituting (|8.4|) into (|8.3j) and taking into account the equalities (|8.7jl . we obtain, 
from l|7.4c[) . the following system of equations for the unknown (generalized) functions gt S f> 

34 The authors of [1] refer to [17, § 21], where the introduction of commutation relations in quantum 
mechanics is discussed for systems which have a classical analogue. The introduction of anficommutation 
relations, which are adequate for description of spinor fields, cannot be confirmed in this way as half-integer 
spin (Fermi-Dirac) systems have not classical analogues. 



a ]± e ± • 



t J 

^£a\ ± (q)bl st (k,q) T a±(q){eJ tSt (k,q) - 5 st 5 3 (k - q))} = 

VmV + fc 2 ^ / d 3 q{±a^(q)d e ± st (fc,q)±ear(q)< 7 ^(fc,q) 
t ^ 

^^(9)6^^,9) T a t ± (q)(e^ t (fc,q) - 5 st 5 3 (k -«))}= 
feaE/ d 3 q{Ta?(q) 5 li(fc,q)Tol T (9)< st (Q,fc) 
T af (q)4j t (fc, g) =F ^(flOfe tfa *) " S st S 3 (k -</))} = 

Vm V + fc^ £ / d 3 q{±a^(q)^ t (fc,q)±ap(g) ( i £ ± st (q,fc) 
t ^ 

T a±(q)4 J t (fc, g) T a t t± (q)(e e ± st (q, k) - 5 st 5 3 (k -«))} = 0, 



(8.9a) 



.9b) 



(8.9c) 



}.9d) 



where e = ±1 is a free parameter and a = 1, 2, 3. 

Now we shall impose as a second, after 1)8.4)1 . additional condition the requirement 

that 1)8 .9|) to be valid for arbitrary af(q) and a\ (q). In this case, for (k,m) / (0,0), 

the equations ()8.9|) have the following unique solution with respect to the gf st , g e ■ ■ ■ , 
■ . 



g± st (k, q) = gl%(k, q) = b± st {k, q) = b\%(k, q) = d% st {k, q) = (8.10a) 
ef >st (k,q) = S st 5 3 (k-q). (8.10b) 

Evidently, l)8.10a|) convert 1)8.8)1 into identities, and, consequently, under the hypotheses 
made, 1)8.10)1 is the general solution of our problem (for (k,m) ^ (0,0)). 

Let us consider now the case (k,m) = (0,0), when ()8.9)) and 1)8.6)1 reduce to the identity 
= 0. In it, the operators 

af(k) and a\ (k) for m = and k = 0, (8-H) 

must satisfy 1)8.4)1 in which the (generalized) functions gf st (0,q), gl st (0,q), ef st (0,q) 
remain as free parameters of the theory. To insure a continuous limit (k, m) — ► (0, 0), we shall 
assume, by convention, that these (generalized) functions are given via ()8.10j) with k = 
(and m = 0). Physically (see Sect. 03), the operators 1)8.11)1 describe creation/annihilation of 
massless particles (of massless spinor field) with vanishing 4-momentum and angular momen- 
tum, but carrying charge ±q and having different spin operators. Thus, the theory admits 
existence of free, charged, spin \, massless particles with vanishing spacetime dynamical 
variables (4-momentum and angular momentum). 3 ^ This is the 'quantized' version of the 
'exotic' solutions 1)4.1)1 (see the paragraph containing equation 1)5.17)1 in Sect. IB}. Meanwhile, 
we notice that the solutions l)4~T|) are rejected by ()5TTU)) and (jO)) (see <|5TT7)l - (|5T2U)l ). 

The developed until now theory cannot make a distinction between the cases e = — 1 
and e = +1 in 1)8.4)1 . corresponding to quantization with commutators and anticommutators, 
respectively. For the purpose, a new additional conditions (hypotheses, postulate) is required. 
As such additional condition can serve the spin-statistics theorem (or an equivalent to it 



It seems, until now such particles/fields have not been observed. 



assertion, like, e.g., the charge symmetry) [1-3]. According to it, the half-integer spin fields 
should be quantized via anizcommutators and, consequently, in our case the choice 



e = +l 



(8.12) 



should be made. So, the equalities (|8.4|) . 1)8. lOj) and 1)8.12)) imply the following anticommu- 
tation rules: 



[aj(fe),a t t± («z)]+ =5 st 5 3 (k-q)\dr [a^(fc), af(q)) + = 5 st S 3 (k - q) id^. (8.13) 



These quantization rules will be accepted hereafter in the present work. In Sect. 111! we shall 
show how they can be derived without invoking the spin-statistics theorem. 

As we have noted several times above, the concepts of a distribution (generalized func- 
tion) and operator-valued distribution appear during the derivation of the commutation re- 
lations (J8.13|) . We first met them in the tri-linear relations (|7.4|) . In particular, the canonical 
commutation relations 1)8.13)1 have a sense iff the anticommutators in them are operator- 
valued distributions (proportional to idjr), which is not the case if the field is described as 
an ordinary operator acting on T . These facts point to inherent contradiction of quantum 
field theory if the field variables are considered as operators acting on a Hilbert space. The 
rigorous mathematical setting requires the fields variables to be regarded as operator-valued 
distributions. However, such a setting is out of the scope of the present work and the reader 
is referred to books like [7,8,20,21] for more details and realization of that program. In what 
follows, the distribution character of the quantum fields will be encoded in the Dirac's delta 
function, which will appear in relations like ()7.4)) and ()8.13)) . 

As a first application of the anticommutation relations 1)8. 13)1 . we shall calculate the 
commutator between the components (|6.27(l of the spin operator. For the purpose, as well 
as for computing different commutators between the dynamical variables, we shall use the 
following commutation relations between quadratic combinations of creation and annihilation 
operators: 



[at±(fc) o a^Cp) o af,{p)]_ = {-^a t f± (p) o aj(fc) + ^^(fc) o af,(p)}5\k - p) 

[al+ik) o a T(k),a?(p) o a\±{p)}_ = {-8 st a*(k) o a\±(p) + <Waf (p) o a t ± (fe)}5 3 (fc - p) 
[af(k) o a\7{k),af (p) o a\?{p)]_ = {-<W(p) o a j /(k) + <Ua±(fc) o a\^(p)}8 3 (k - p) 
[at ± (fc)oaJ(fc),ap(p)o G ±(p)]. = 
[at ± (k)oa^(k),at(p)oal l T (p)l = 
[af(k)oa^(k),af(p)oal ± (p)l = 0. 



These equalities are simple corollaries of the identities [A, B o C]_ = [A, B]_ o C + B o [A, C]_ 
and [B o C,A]_ = —[A,B] + o C + B o [^4,(7]+, applied in this order to the left-hand-sides 
of (|8.14|) . and (|8.13() . Now, via a direct calculation by means of (|6.27|) and (|8.14[) . we get 



[af(k),af(q)] + =0 
[aJ(k),at(q)]+ = 
[af(k),a\ ± (q)} + =0 



[ai ± (k),a\ ± (q)} + = 
[ot=F(fc), < 4 ± (g)]+ = 
[at ± (k),at(q))+ = 



(8.14) 



(V. fc*xL = \& E / d 8 M(<'~(*K£~(*) - <S'-(*)o^-(*))at + (fc) o a;(k) 



+ «' + (fc)^' + (fc) - a s ^ + (k)a^ + (k))at-(k) o «+(*)}. (8.15) 



In particular, the equation 

= for 5°^ + 5 0u + 5°* + <5 0A > 1 (8.16) 

is an evident consequence of (|6,26[) and (|8,15|) , Besides, in the massless case, when the 
polarization indices take the single value 0, we obtain 

[VA-a]_L =0 = 0. (8.17) 

For m 0, the r.h.s. of (|8.15|) is, generally, a non-zero operator, which means that in the 
massive case not all of the spin operator components are simultaneously measurable, contrary 
to the massless one. More details on this problem will be given in Sect. E3 (see (|1().14|1 - 

(TOD ). 

For m^O, the summation over s' in (|8.15|) can be performed explicitly by means of (|6.2(ift . 
(529 , fl£27j) , iH , and [fc A 7A ,7°<v]+ = 2^0^-2170(^7^-^7^) (see M . The result 
reads: 



(fc){[o>,07, A ]_ - i|-(<T^(A;^7A - fc A7x) - ^ytX^lv - ^7^))} wts ' T ( fc ) 

- ^ ts,± (fc){7°(^(^7A - A; A 7x) - ^ A (^7, - ^)) }v U > T (k) for m / 0, (8.18) 

where [07^, cr^ A ]_ = -2i{r^ov A - r] u>c cr^x - ?7 m a^x + ^aQ>>e } (see (|3.28|)1 was used and one 
should set /i, Z7 x, A = 1, 2, 3 in the context of (|8.15|) . due to (|6.26|) . 
The commutativity between the spin and charge operators, i.e. 

(V 21- = °. ( 8 - 19 ) 

is an almost trivial corollary from (|6,1D|) . (|6.27j) . and (j8,14j) . This implies that the spin and 
charge are simultaneously measurable quantities. 

Important corollaries from ()8.13j) are the commutation relations between the field oper- 
ators and the total angular momentum operator M^y, viz. 

[ip, M fiu (x,x )}_ = x^if), V u }_ - x u [ip, + ^ha^tf) (8.20a) 
[ip, M^ v {x,xo)}_ = x^if), V v }_ - x u [ip, - -Hipa^, (8.20b) 
which in Heisenberg picture read 

[i>{x), M-nA- = (^^U ~ Xv g^) + 2 ha ^ u (8.21a) 
— ~ / d d \ — 1 — 

[ip{x), M^l = [ x v-q^; ~ Xv ~q^) ^( x ) ~ 2 h ^ x ) a ^^ (8.21b) 

and, together with (|2,7j) for (f>i{x) = ip(x), ip{x), represent the relativistic covariance of the 
theory considered [12, § 80]. 

Since (|8.20b|) is a consequence of (j8.20a|) . -0 = "0^7°, and (|3.31|) . we shall prove only the 
equation ()8.20a|) ; besides, for brevity, only the massive case, will be considered. 36 We 

36 One can prove independently l|8.2Ob0 in a similar way. For an alternative proof of 1)8. 21ft — see [5, § 19.1]. 



shall prove that 







[ifi, Cfj, v ]_ = x^[i/j, V v \_ - x v [i>, V fJ ]_ 



PQ=y/ m 2 c 2 +p 2 



for fj,, v = 1, 2, 3 

for /j, = or v = 

(8.22a) 



=\/ Tt 2 C 2 +p 2 



for /i, i/ = 1, 2, 3 

for /i = or v = 

(8.22b) 



from where equation (|8.2Ua|) follows, due to (J77TOJ). 

For fj, = or v = 0, (|8.22a|) is an evident corollary of 1)6.26)1 and ()6.'27j) . Let fx, v = 1, 2, 3. 
Substituting the equations (|7.1aj) and (|6.27|) (see also (|7.9|l ) in [?/>, and applying the 

identity L4, S o C]_ = [A, B] + o C — B o [A, C]+, the anticommutation relations (|H.13|1 . and 
then KZty . @3S| and fOTJ), we get (/x, v = l,2, 3) 



/it- j 



-h 



d 3 p 



rvr(p) + — — — rvi* (p)j 



2p 



2po 



P0 = \/ TJ 2 C 2 +p 2 



Since [p A 7 A ,7°<v] + = 2pp<y - ^rfojp ^fu ~Vvy ) (use [i,Bo(7] + = [A, B] + oC - Bo[A,C]_, 
and 1)3.28)1 ) . the last equality implies ()8.22a)) for fx,v = 1,2,3, as a result of 1)5.3)1 . 1)5.1)) . 

and gUP (or ()B^2l and gZfl ). 

Performing similar manipulations with the l.h.s. of (|8.22b|> . by applying 1)6.43)1 for 1)6.27)) 
and 1)6.44)1 for 1)6.26)) . we see that the last displayed equation should be replace with 



dp v 



dv s ' + (p) + f p x j x + mc 
x — ^— aj[p) +p M ( = 7 



Po 



s J 

dv s ~(p) 



p"jx - mc 
PA 1 7 -2 



Po 



a s (P) - (m<-> ")} 



where —(jj, <-> v) means that one should subtract the previous terms in the braces with 
the change fi <-> u, 1)6.18)1 has been applied, and integration by parts of terms proportional 

to d0 QpJ^ has been performed. Since [p A 7A,7°]+ = 2polU (see 1)3.17)1 ) and dv Q p o P ^ = 0, 
the equation ()8.22b)) follows from the last equality, due to 1)4.22)1 . 1)5.22)1 . ao a = i7o7a for 
a = 1,2,3, (see 1)3.14)1 and 1)3. 17)1 . and the fact that for fi = (resp. v = 0) the derivatives 
with respect to fi (resp. v) identically vanish, so that, e.g., for fx = and v ^ the terms 
denoted by —(//<-► v) in the last equation identically vanish. Q.E.D. 

It is easy to be seen, the terms containing commutators with the momentum operator 
in 1)8.20)) are due to the orbital operator (see 1)7.14)1 ) and, more precisely, the operator 1)7.17)1 
is entirely responsible for their appearance. 

We should also mentioned the equations 



[V, Ql = qip [V, Ql = 



(8.23) 



which are trivial corollaries from (|7.1j) . ()7.1(J)) . the identity [A, B o C}_ = [A,B]+ o C — B o 
[A, C] + , and 1)8.13)1 . Similarly one can prove that 



[af(k), Q}_ = qaf(k) [a^k), Q]_ = -qa^k). (8.24) 

Equations (|8.2«-{|) and ()8.24j) entail that, if T is any 4x4 matrix and Q(k,k') (resp. Q{x)) 
is any matrix-valued operator build from k, kl (resp. x) and the derivatives with respect to 
them, then (e,e' = +.— ) 



Q}_ = [1>(x)g(x)$(x), C]_ = 
[4 £ (fc)£(fc,fc')oa^(fc'), Q]_ = [a £ (A0 £(&,&') ° 4"' Q]. = 0. 



5.25) 



In particular, we have 



[^,Q]. = [Q, Q}_ = 



.26) 



as a result of (jBTT) . (|6~TI7|) . (jlHTl) . (jOHll . (f6~57I|) . and (|7H ~ (f7~TT|) . 

Ending this section, we would like to mention the relation 

[M xX , Mp,]_ = -ihlrj^Mxu-vx^M^-rj^Mxf. + rixuM^}, (8.27) 

which can be proved via a long and tedious direct calculation based on l|7.1U|l . 1)6.27)) . 1)7. 11)1 . 
1)7.14)1 and ()8.13j) . 37 It should be noted the opposite sign of the r.h.s. of 1)8.27)1 relative to 
similar relations in the literature; see, e.g., [5, eq. (9.1.15)] or [3, eq. (2.84)]. This sign, as 
well as the whole structure of (|8.27|) . is in agreement with the first 4 terms, proportional to 
— 2i, in (|8.18|) (see also Q8.15JI or similar result obtained in [11] for a free scalar field). 

An alternative prove of 1)8. 27|) is based on 1)8. 12)) . which is equivalent to (ko = V m 2 c 2 + k 2 ) 



[^(fe), M^]_ = ift(**^7 " ^( k ) + ^^{k) 

— t ± ~ / d d \ — ± 1 — ± 

ip x (k), M» v ]_ = ih^— -K—ji) {k)--ihip (fc)<V. 



where ^(k) = e^m x a h v- ^(fc) and tp (k) = e ± ^ x ° k,J - ijj^ {k) are the Heisenberg analogues 
of V ± (fc) and ip (k), respectively, (see 1)632)0 . Combining ((O^l with (JHHIJl- and 
applying the identity [A, B o C]_ = [A, B]_ o C + B o [A,C]_, one can easily verify 1)8.27)1 
without invoking ()8.13j) . This quite more simple derivation of ()8.27)) is remarkable with the 
fact that if one imposes 1)8.211) (or ()8.2U)) in momentum picture) as a subsidiary restriction on 
the Lagrangian formalism, it immediately implies 1)8.27)1 for a spin \ field regardless of the 
validity of the anticommutation relations ()8.13)) . Similarly, 1)8.23)1 entails ()8.26)) irrespectively 
of the validity of (l8~T3)l . 

9. Vacuum and normal ordering 

The introduction of the vacuum (state) of a free scalar fields was discussed in momentum 
picture in [ll]. 38 Here is a brief mutatis mutandis summary of the arguments leading to a 
correct definition of the vacuum of free spinor field. 

37 The proof in Heisenberg picture is more simple, but also too long. 

38 For similar problems in Heisenberg picture, see [1-3]. 



The vacuum of a field is a particular its state which describes, in a sense, the 'absence' 
of the field itself. Since the field is considered as a collection of particles, the vacuum should 
contain no particles of the field. Therefore the conserved dynamical characteristics of the 
vacuum should vanish as an 'absent' particle has zero 4-momentum, no charge, etc. Besides, 
since the vacuum does not contains any particles, the action of an annihilation operator on 
it should produce the zero state vector as one cannot destroy something that does not exist. 
On the contrary, the action of a creation operator on the vacuum should produce a non-zero 
vector describing a state with one particle in it and, consequently, the vacuum cannot be 
represented by the zero vector. Applying these heuristic ideas to a free spinor field, we may 
say that its vacuum should be represented by a non-vanishing state vector which has zero 
4-momentum, charge and total angular momentum and the action of an annihilation operator 
on it results in the zero vector. So, denoting by Xq the state vector representing the vacuum, 
which is also called the vacuum, we should have 



Besides, by virtue of V^Xq) = 0, (|2.2j) and (J2HU), one can expect the vacua in Heisenberg 
and momentum picture to coincide, i.e. 



However, one can easily see that the conditions (|9.1j) do not agree with the expressions (|6.7|) . 
()6.1(Jj) . (|6.27j) . and (|6.43l) for the conserved quantities of a spinor field. Indeed, substituting 
in them (see (|8.13j0 a|~(fc) o af(k) = —af(k) o a\~ (k) + 5 ss 5 3 (k — k) and applying the 
so-obtained operators on Xq, we, in view of (|9.1|) . get senseless combinations of infinities; 
e.g., for the charge operator the result is Q(Xq) ~ q<5 3 (0)oo 3 x Xq instead of the expected 
Q( Xq) = 0. The problem originates from the terms a\~(k) o af(k) in the obtained expres- 
sions for the dynamical variables. The accepted and well working procedure for its removal 
is known as normal ordering of products (compositions) of creation and/or annihilation op- 
erators. It is described at length in the literature [1-3,22] and consists in the following, when 
applied to a free spin ^ field. The Lagrangian and dynamical variables should be written in 
terms of creation and annihilation operators and, then, any composition (product) of such 
operator must be replaced by its normally ordered form. By definition, the normal form 
of a composition of creation and/or annihilation operators is called a composition of the 
same operators, in which all creation operators stand to the left relative to all annihilation 
operators, multiplied by minus one or plus one, depending on is the permutation, bringing 
the operators from the initial composition to the final one, odd or even, respectively. 39 The 
normal form of a composition of creation and/or annihilation operators is known as their 
normal product (composition) and the mapping assigning to a product of such operators their 
normal product will be denoted by M and it is called normal ordering ( operator). The action 
of J\f on polynomials or convergent power series in creation and/or annihilation operators 
is extended by linearity. The dynamical variables after normal ordering are denoted by the 
same symbols as before this operation. 
Since, obviously, 



39 The so-formulated definition holds only for half integer spin fields/particles. The relative order of the 
creation/annihilation operators with respect to each other is insignificant due to the anticommutation rela- 
tions lETTS! . 



v^x ) = o Q(X ) = M^(X o ) = 
Xo^O, a-(k)(X ) = at-{k)(X ) = 0. 




Xq — Xq- 




M{aj(k) o a\ + (k)) = -M{a\ + (k) o aj(k)) 
AT(4-(fe) o a +(k)) = -M{a+(k) o ot-(fc)) 



-al + (k)oa~(k) 
o+(fc)oat-(fc), 



(9.3) 



equations (|6.7|) . ()6.10|) . H6.27|) . ()6.41j) . (|6.42|) and (|7.14|> . after normal ordering, take respec- 
tively the forms: 

^m = E / K\ k0= ^/-I^Ws + {k)oa~{k)+at{k)oa\-(k)}^k (9.4) 

s •* 

2 = ( ?E [Ws + (k)oa;(k)-af(k)oai-(k)}d 3 k (9.5) 
V = ^E/ d 3 fc«' -(fc)4 + (fc) o aj,(fc) - <J' + (fc)a+(fc) o a t-(fe)} 



(9.6) 



V| m ^ Q = S 3 (k)\ m ^ = \h{-a\ + (k) o ar(fc) + aj+(fc) o a 2 (k) 

+ a{(k) o a\~{k) - a^(fc) o alf (k)} 
V| m=0 = S 3 (k)\ m=Q = h{-al + (k) o a (k) + a+(fe) o aj-(fc)} (9.8) 

° £ ^ = E / d 3 fc(x^fc^ - | fco= ^ m 2 e 2 +fc 2 {4 + ( fc ) ° + «^~( fc ) 4~( fc )l 

+ ^E / d3fc {^'' + - ' + (k)a+(k) o at-(fc)} 



+ ^E / d S *{at + (*)(fc M ^-k 



g 



a ffe) 



- fc^f) o„t- (fc) }^ . (9 . 9) 



fco=\/ m 2 c 2 +fc 2 

Accepting the above-described normal ordering procedure, we can formalize the definition 
of the vacuum of a free spinor field as follows. 

Definition 9.1. The vacuum of a free spinor field ip is its physical state that contains no 
particles and has vanishing 4-momentum, (total) charge and (total) angular momentum. It 
is described by a state vector, denoted by Xq (in momentum picture) and called also the 
vacuum (of the field), such that: 

Xo ^ (9.10a) 
X = X (9.10b) 

aJ(k)(Xo) = al~{k){Xo) = (9.10c) 
(Xo\Xo) = l (9.10d) 

where (-|-) : T x T — > C is the (Hermitian) scalar product of system's (field's) Hilbert space 
of states. 

As we noted in [11], the condition (|9.10d|) is of technical character and, usually, is imposed 
for pure computational convenience. 

Taking into account the expressions of the dynamical variables after normal ordering, we 
see that (cf. fl£U) 

V^Xo) = Q(X ) = M^(Xq) = %u{X Q ) = \ V {X ) = (9.11) 

which equalities solve the problem with the senseless eigenvalues of the conserved quantities, 
corresponding to the vacuum before normal ordering. 



The normal form of the dynamical variables solves also two other problems we premedi- 
tated did not mentioned earlier. 

The first problem is connected with the positivity of the energy operator which is iden- 
tified, up to a constant, with the zeroth component of the momentum operator, viz. 

£:=cV - (9.12) 
Before a normal ordering, according to (|6.7|) . it is 

£ = J2 f Vm 2 c 2 + k 2 {al + (k) o a j(k) - a+ - (Jfe) o af(k)} d 3 k (9.13) 
which is not positive defined. After normal ordering, in view of (|9.4|) . it takes the form 

£ = X) / Vm 2 ^ + k 2 {at + (k) o aj(k) + a+(k) a a+ - (fe)} d 3 fc (9.14) 

which is a Hermitian operator with positive eigenvalues. 

The second problem concerns the interpretation of the operators a^(k) and aj ± (fc) as 
creation/annihilation operators (see Sect. IB}- Since the field can be thought as a collection of 
particles, one can expect that the dynamical variables should be expressible as sums/integrals 
of the corresponding individual characteristics of these particles; this is rigorously expressed 
via results like (|6.6|) - (|6.16|) and (|6.41|) - (|6.43|) . However, if we want to retain the interpretation 
of cif(k) and aj =t (fc), introduced in Sect.El the signs before the second terms in the braces 
in (|6.7|) and ()6.1(Jj) should be opposite. The reason being quite simple: the 4-momentum of a 
system of two particles, one created by af(k) and another one by at + (k), should be a sum 
of the 4-momenta of these particles, while the charge of this system should be the difference 
of the charges of the particles, measured in the units q. 40 As we see from 1)9.4(1 and 1)9.5(1 . 
this problem automatically vanishes after normal ordering. 

The equality 1)9.7)1 partially changes the interpretation of the creation and annihilation 
operators with respect to the polarization (spin) index s (see 1)6.41(1 and the conclusions after 
it). So, in the frame in which 1)9.7)1 is derived, the projection of the spin vector on the third 
axis is +\h (resp. —\K) for the particles corresponding to af(k), a\~ (k), (k), and a\ + {k) 
(resp. aj~(fc), a\ + (k), a^(fc), and a\~ (&))■ 

The general formulae (|9,6[) . with \i ^ or u ^ 0, and (|9.9|) for the spin and orbital 
operators agree with (|5.25c|) and the interpretation of af and given in Sect. [5J This 
problem will be discussed and solved in Sect. ^2 in particular, see equation (|l().l()j) below. 

The normal ordering changes not only the dynamical variables, but also the field equa- 
tions (|7.4|l . Since the quadratic combinations of creation and annihilation operators in the 
commutators in (|7.4|) originate from the momentum operator (see (|7.2[> ). the field equa- 
tions (|7.4jl . after normal ordering, will read 

[af(k), 4 + (q) o a f -(q) + a+(q) o o!-(g)]_± af(k)5 ts 5 3 (k - q) = /±(fe, q) (9.15a) 
[a\ ± {k),a\ + {q)oa^{q)+at{q)oa\-{q)]_±al ± {k)5 ts 5\k-q) = ftt{k,q) (9.15b) 

E / Q^\ qo= ^^ftt(k,q)d 3 q = W ^| ?o= r^—tfl t ± (k,q)d 3 q = 0. 
t J t J 

(9.15c) 

40 Recall, at(k) produces particles with charge —q, while a| + (fc) produces ones with charge +q. The 
4-momentum of the both kind of particles is (\/ m 2 c 2 + fe 2 , k). 



However, applying (|8.1|) with e = +1, one can verify that (|9. 15|) is identically valid as a 
result of the anticommutation relations (j8.13j) . This means that, under the hypotheses made 
when deriving (|8.13j) , the anticommutation relations (|8.13|) play a role of field equations with 
respect to the creation and annihilation operators, considered as field operators (variables). 

The normal ordering influences the r.h.s. of (j8.15j) too. In fact, applying (|9.(i|) and (|8,14|) . 
we, via a direct calculation, see that 

fc*xL = ^ £ / d 3 fc{«'-(fe)^-(fc) - <&-{k)ofi-{k))al+(k) o a t -(fe) 

s,s',t 

- Kt'' + ( fc )^A + ( fc ) " <y S ^ + (k)o^ + (k))at(k) o at-(fc)}, (9.16) 
which agrees with (|9.3[) . Therefore, in the massless case, we have 

[VA^L| m =o = ( 9 - 17 ) 

as in it s = s' = t = 0, i.e. the relation (|8. 17|) is preserved after normal ordering of products. 
Notice, the equality 

[ °<V> ° S ^l = for ^ + 5 ° U + + S 0X >1 (9.18) 

is an evident corollary from (|9.fi[) and l|fi.2fij) . 

However, the commutativity between the charge and spin operators, expressed by (|8.19|) . 
is not influenced by the normal ordering procedure (see (|9.5|) . (|9.6j) and (|8.14j) ). Similarly, 
the relations (|8.20f) — (|8.23|> remain valid after normal ordering. 

10. State vectors 

The description of the state vectors of a free spinor field is almost identical with the one 
of state vectors of free charged (with non-zero charge) scalar field [11]. Formally, the only 
essential difference is in the polarization index s carried by the creation and annihilation 
operators of a spinor field. 

In momentum picture, in accord with the general theory of Sect. [^1 the state vectors of a 
spinor field are spacetime-dependent, contrary to the field operators and dynamical variables 
constructed from them. In view of ()2.12j) . the spacetime-dependence of a state vector X(x) 
is 

X(x) = U(x,x )(X(x )) (10.1) 

where xq is an arbitrarily fixed spacetime point and the evolution operator U(x, xq) : T — ► T 
is 

U(x,x ) = exp{± i (x>*-x%)J2 I U ko= ^I^Ws + (k)oa;(k) + at(k)oat(k)}d 3 ky 

s J 

(10.2) 

due to J22J) and (|9~1|) (see also (|2~TU|) - (|2~T2'|0 . The operator (fT7H|) plays also a role of an 
'S'-matrix' determining the transition amplitudes between any initial and final states, say 
Xiixi) and Xf(xj) respectively. In fact, we have 

S fi (xf,Xi) := (Xf{x f )\Xi{xi)) = (Xfixf^Uix^x^Xiix^))). (10.3) 

For some purposes, the following expansion of U(xi,Xf) into a power series may turn to be 
useful: 

oo 

U{x i ,x f )=\d T + Y J U( n) {x i ,x f ) (10.4) 

n=l 



U in \xi,x f ) := -^(xf 1 - xf) . . . (af* - x^f) / d3fc(1) • ■ ■ d 3 k^k^ ■ ■ ■ fc£> 

Si,...,s n 

x {at+(feW)oa-(fc( 1 ))+a+(fc( 1 ))oat i - (fe (i) ) } 

o • • • o (at + (fcW) o a" (fcW) + o+ (fcW) o (10.5) 

where fe^ = a/ m 2 c 2 + (fc^) 2 , a = 1, . . . , n. 

According to 1)2.14(1 and the considerations in Sect. El a state vector of a state containing 
n' particles and n" antiparticles, n',n" > 0, such that the i /th particle has 4-momentum 
p 1 ,, and polarization s',, and the z //th antiparticle has 4-momentum p'L and polarization s'L, 
where i' = 0, 1, . . . , n' and i" = 0, 1, . . . , n", is given by the equality 



■y / I I I I II II II II \ 

a, [x;pi, si; . . . ;p n i, s n r,p 1 , s 1 ; . . . ;p n u, s n n) 

^ n' i n" 

= 7^ exp {^ " < ] S»* + ^ - ^ E ( ^} 

i'=l i"=l 

x (g+ (pi) o • • • o o+ (p' n ,) o aJ + K) o...o„t; („£„)) ( * ), (10.6) 

where, in view of the anticommutation relations 1)8.13(1 . the order of the creation operators 
is essential. Besides, the vector (jl0.6|) vanishes if two of the particles of the state it de- 
scribes are identical, i.e. , e.g. for a charged field, if either n' > 2 and two of the pairs 
(pi, si), ... , (p' n ,,s' n ,) coincide or n" > 2 and two of the pairs (p", s'[), . . . , (p"„, s"„) coincide; 
to prove this, apply ()8. 13(1 . 41 If n' = (resp. n" = 0), the particle (resp. antiparticle) creation 
operators and the first (resp. second) sum in the exponent should be absent. In particular, 
the vacuum corresponds to 1)10. 6(1 with n' = n" = 0. The state vector ()10.6)1 is an eigenvector 
of the momentum operator ()9.4|) with eigenvalue (4-momentum) Ya'^iPv + Y17"=iPi" an<J 
is also an eigenvector of the charge operator Ij9.5() with eigenvalue (—q)(n' — n"). 42 

The reader may verify, using (|8. 13|) and ((5.24(1 . that the transition amplitude between 
two states, like ()10.6() . is: 



( X(y; qi,ti, . . . ;q' n ,,t' n r, q'{ , t'{; . . . ; q n „,t n „) 

I -y I II I I II II II II \\ 

I A \ x 'iPli s l> • • • )Prn'> S m'iPli S li • • • \Pm"i S m")l 

1 1 1 

= rtWn6m'n'S m »n» ex p{ " V") E^ + ~ V^) E 

i'=l ' i"=l 

x E ^i,-/ A' 63 (P'n' ~ 9i' , X ^Vn'-i - 9k ) • • • fytf., tfVl " 9-',) 

r * 1 n' n %\ 1 n — 1 in 2 -L n ' 

X E ^W^C^/Vn" " 9i;0^<„ X t£/Vn"-1 " 9*») • • • ^{p'i ~ <?"'„) 

(10.7) 



where the summations are over all permutations . . . , i' n ,) of (1, ... , n') and . . . , i"„) of 
(1, . . . , n") and 7^/ ^ (resp. tt^ j« ) equals to +1 or —1 depending on is the permutation 

41 This is a demonstration of the so-called Pauli principle: no more than one particle can be in a given state 
of a system consisting of fermions. 

42 Recall (see Sect.0, the operator a^(fe) creates a particle with 4-momentum fc M and charge —q, while 
a\ + (k) creates a particle with 4-momentum and charge +q, where, in the both cases, ko = \J m 2 c 2 + k 2 . 
See also equations 1)10.9^ - 1)10.11)1 below. 



(n' , . . . , 1) i ^ (i'i, . . . , i' n ,) (resp. (n" , . . . , 1) i— > . . . , i"//)) even or odd, respectively. The 
conclusions from this formula are similar to the ones concerning free scalar fields [11]. For 
instance, the only non-forbidden transition from an n'-particle + n"-antiparticle state is 
into n'-particle + n"-antiparticle state; the both states may differ only in the spacetime 
positions of the (anti) particles in them. This result is quite natural as we are dealing with 
free particles/fields. 

In particular, if X n denotes any state containing n particles and/or antiparticles, n = 
0, 1, ... , then (|1U.7|) says that 

(Xn\Xo) = $n0, (10.8) 

which expresses the stability of the vacuum. 

We shall end the present section with a simple, but important, example. Consider the 
one (anti)par ticle states a£(p)(X ) and a\ + {p)(X$). Applying (JOJhlGElJ) and (PH3|) . we 
find (po := \J m 2 c 2 + p 2 ): 43 



P„(a+(p)(A*>)) =pX(p)(^o) Q(a+(p)(X )) = -qa+(p)(X ) 
P,(al + (p)(X )) =p,at + (p)(X ) Q{at + (p)(X )) = +qa\ + (p){X Q ) 
0c 



°S, u (at(p)(X )) = - l -hY,^ + (p)at{p)(X,) 

s 

% v (a\ + {p)(X ))=+\hY, <T (P)a\ + (p) ( X 



1 



S 3 \ m ^{at(p)(X )) = -(-iy-h{5 tl at(p) + 5 t2 4(p)}(X ) 

5 3 L^o( a l + (P)(^o)) = +(-l)^{<W 1 + (p) +S t2 al + (p)}(X ) 

1 



$ L=o( a o + (p)(^o)) = +-ha+(p)(X ) 
5 3 L =0 (4 + (p)(^o)) = -W + (p)(X 



(10. 



;io.io) 



lo.ii] 



(10.12) 



2 

V(«t + (P)(*0)) = {(x»Pv ~ x vVv ) ~ l^l^ + (p) - ih(p^ -p v JL^}(4(p)(X )) 

C IMU {4 + (p)(X )) = {(x flPu -x vP ,) + -hY,l s ^(p)-^ PlM —-p u —)}{al + (p)(X )), 

(10.13) 

where (JlO.llj) and (jl().12[) are valid in a frame such that p 1 = p 2 = and, consequently, 
in which (|6.35f) and (|6.38|) are valid. Notice, the one- (anti) particle massive states are not, 
generally, eigenstates of the spin (angular momentum) operator. However, in a special frame 
in which p 1 = p 2 = they are eigenstates of the third spin vector component. Conversely, 
the massless one- (anti) particle states are always eigenstates of the spin (angular momentum) 
operator. It should be remarked the agreement of (|1U.9|) - ()1(J.13|) with ()5. 25(1 . 44 

The equations (jl0.9j) - (|10.13|) confirm the interpretation, given in Sect. 03 of the oper- 
ators a^(fe) and aj =t (/c) as ones describing creation/annihilation of field's (anti)particles. 

43 The easiest way to derive is by applying 1)2.24)1 . 1)6. 2|l . 1)6.3)1 and 1)8. 13|> . Notice, in Heisen- 
berg picture and in terms of the Heisenberg creation/annihilation operators 1)6.54(1 . equations 1)10.13)1 read 
£ti,L> [at (p)( Xo)) = and £ M „(c4 + (p)( Xo)) = which is quite understandable in view of the fact that 

is, in a sense, the average orbital momentum with respect to all spacetime points, while C,_ lv {x,xo) is the one 
relative to x and xo; the dependence on xo being hidden in £ M ^, (p) and aj + (p). 

44 If the r.h.s. of (12.3311 is with an opposite sign, this agreement will be lost. Besides, due to 16.26H . the 
r.h.s. of 1)10. 10^ vanishes for /i = or v = 0, which is not generally the case with the spinor terms in l)5.25c)l . 



For instance, the state vector af(k)(Xo) can be interpreted as one representing a par- 
ticle with 4-momentum (y m 2 c 2 + k 2 , k), charge (—q) and polarization-mixing matrices 

Acting with (|9,16|) on the state vectors af(p)(Xo) and a\ + (p)(Xo) and using ()8.13j) . we 
obtain 

[ V, °^a].K + (p)( x6)) = -h 2 "£{<r%> + ( P y£ + (p) - ^'x + (pK'' + (p)}4(p)(^) 

s',t' 

(10.14a) 

[V>°^aL(4 + (p)(^ )) = +^E{^ , "(p)<S"(p)-^ , "(p)^' , "(p)}4 + (p)( ; *b)- 

s',t' 

(10.14b) 

In particular, since for m/0 from (|6.32j) (or ()8.18j) with k = 0) follows (do not sum over b\) 

± (0)^' ± (0) " ^(OK'^O)} = 2i^±(0), (10.15) 

s' 

where (a&c) is an even permutation of (123), we see that (jlO.lOj) and (|10.14|) imply 

[Xb, °Sbcl(X) = ifr°S C a{X) (10.16) 

where m ^ 0, (a&c) = (123), (231), (312), and ^ = a+(0)( Ab), 4 + (0)( X ). The other 
non-vanishing components of (|10.14|) with m ^ and p = can be obtained from (|10.16|) 
by using the skewsymmetry of °S a b in the indices a and b (see (|5.26|) . (|6.26|) . and IjlO.lOjl ), 
Introducing the conserved spin 3-vector operator 

°S a := e abc0 S bc , (10.17) 

we can rewrite (jl0,16|) as 

3 

[V, °S b l(X) = \h^e ahc ®S c (X) form/0 (10.18) 

c=l 

with a, b = 1, 2, 3. Notice, in the massless case, we have 

[°S a ,°S b l\ m=0 = 0, (10.19) 

due to ()9.17[) . Therefore, in the massless case all of the spin 3-vector components are simulta- 
neously measurable, contrary to the massive one, when neither pair of them is simultaneously 
measurable (if the third one does not vanish) . 

11. On the choice of Lagrangian and its consequences 

The developed until now theory of a free spinor field (in momentum picture) is based on the 
Lagrangian 

C = t^c{ ^{x)^ o (d^ tp(x)) — (df! -0(x))7 At o ijj(x)} — mc 2 tp(x) o ip(x). (H-l) 
in Heisenberg picture, or 

C = £(V,?,y M ,y M ) = 2<#t" ° [V>> P M L " ®> ^]-7 M ^} - mc 2 ^o $ (11.2) 



in momentum picture. In this Lagrangian, the field ip and its Dirac conjugate ip are considered 
as independent variables. However, that choice of a Lagrangian for description of a free spinor 
field is not the only possible one. For instance, in [12, § 78] it is chosen as 

Cq = \hcip{x)"f il o (d^ tp(x)) — mc 2 ip(x) o ip(x) (11.3) 
C = cfrf o [ip, VJ\_ - mc 2 ip o ip (11.4) 

in respectively Heisenberg and momentum pictures. Since 



— — = — — = -mc ip — — = -\-\napY 

Oip oip oy^ 

9 Co dCo „ r , 2 i 9 Co 

— — = — — = erf Iw, V u \ — mc ip — — = 0, 

dip dip ^' ^- v % 



(11.5) 



the equations of motion l|2.17() for the Lagrangian ([11. 4[) coincide with the system of Dirac 
equations (|«S.6|) for the Lagrangian (jll,2[) . As C and Co differ by a full 4-divergence, 

Cq — C = d^{\\hc ip(x)j fl ip(x)}, these two Lagrangians give rise (under some conditions 
at infinity) to identical action integrals and, consequently, to identical theories. 46 However, 
the Lagrangian ([11. lj) has two advantages: on one hand, it is Hermitian contrary to ([11. 3j) 
and, on the other hand, it vanishes when the field variables satisfy the field equations, which 
simplifies some calculations. 

Before going on, we emphasize that the calculation of the derivatives in (|11.5|) and in l|11.8j) 
below according to the rules of the classical analysis of commuting variables is not quite cor- 
rect. This method is harmless when the Euler-Lagrange equations are considered but it 
requires some additional operator ordering rules for the expressions of the conserved quan- 
tities; for details, see [15]. However, this approach breaks down for the Lagrangian (|11.18j) 
(or (|11.15|0 which we shall investigate below; the cause being that all its derivatives vanish 
if they are calculated according to the rules mentioned. For the correct treatment of that 
Lagrangian, the methods developed in [15] are required. 

It is almost evident, the operator ip and its Dirac conjugate ip do not enter in ([11.1)1 - 
([11. 4j) on an equal footing, i.e., in some sense, ip is 'first' and ip is 'second' in order (counting 
from the left to the right) operator in these Lagrangians. One can revert the situation by 
considering, for example, the Hermitian Lagrangian 

C x = -ihc{ip T (x)^ o (dpfji (x)) - {d v ^(x))^o lp T (x)} - mc 2 ip T (x) o % (x) (11.6) 
Ci = ^ctyV o VP 1 V^}_ - [ip T , V^o^ 1 } - mc 2 ip T o^ T (11.7) 

in Heisenberg and momentum picture, respectively. 47 A straightforward calculation gives: 
dCi dCi , 1 u r — t ^ ! 2 ^ T dC 1 u —t 



dipT ~ dipT ~ + 2^ ' ^ l " mC * dyj = -2 ihC ^ 

^ = ^ = -\c[ip\ V,W - mcV T |^ = + WV- 
dip dip 2 %/l 2 



(11. 



45 In [12] as an independent variable is chosen ip{ x )i n °t VK 2 -) an d i } { x )- 

46 The expressions for the conserved currents (energy-momentum, charge current and angular momentum 
density) arising from the Lagrangians 111.11 and 111.31 differ significantly. But the conserved, time-inde- 
pendent, quantities (momentum, charge and angular momentum operators) for the both Lagrangians are 
identical. 

47 Here and below the matrix transposition sign T is required to be ensured a proper matrix multiplication 



see the conventions at the beginning of Scct.[^] 



Therefore, in view of (|2.17|) . the field equations for the Lagrangian (|11.7|) are 

[ip T , Vy\jf + mctp T = J^bp 1 , Vp\_ - mctp T = 0. (11.9) 

So, as one can expect, we get the system of Dirac equations (|3.6j) with interchanged places 
of tp and tp, 48 

In the Lagrangian (|11.6|) . the fields tp and tp differ by their positions too; now tp is 'first' 
and ip is 'second'. However, since we are dealing with a free field, we, due to the charge 
symmetry [1,2], can try to start from a Lagrangian which describes in a symmetric way the 
field's particles and antiparticles. Since tp is connected with field's particles and ip with its 
antiparticles, a hypothesis can be made that this may be achieved via a Lagrangian in which 
ip and ip enter symmetrically. For example, as a possible candidate, the half sum of (|11.2j) 
and (|11.6|) can be taken, viz. 

c 2 = l c {^y o [tp, v^}_ - v^_Y o tp + Vix)^ o (d^ T (x)) - (d v ?p T (x))^ o f \x)} 

1 O — ~T — T 

mc {tpotp + tp 1 (x)o tp (a?)}. (11.10) 

Obviously, this Lagrangian has all required properties, including the symmetry tp^ *-* tp , 

which in matrix notation reads tp <-> tp T and tp <-> tp T . However, it turns that the field 
described by the Lagrangian (jll.K)j) has nothing to do with a spinor field. Indeed, one may 
verify that the field equations for it are 

or, in a matrix form, 

T [tp, - mctp = \tp, P M ].7 M + mc^ = 0, 

where 7^ := ^(7^ — (7^) T ) is the antisymmetric part of 7^. Besides, now tp and tp do 
not satisfy the Klein-Gordon equations (j4.11j) and the Lagrangian (|ll.lfl|) happens to be 
singular. 9 The last fact means that (|11.1()|) describes a system with constraints that requires 
a different treatment (see, e.g., [23]). 

Similar will be the consequences of any Lagrangian symmetric in tp and tp: it will not 
describe the field we are investigating here. One of the formal reasons for such a conclusion 
is that the field equations for tp and tp, implied by a Lagrangian symmetric in them, will 
be identical, contrary to our expectation that they should be (equivalent to) ()3.6|) . The 
physical reason for this situation is that the change particle^->antiparticle is describe by 
af(k) «-> aj =t (/c), not by tp <-> tp, which is due to the half integer spin of Dirac spinor field 
(and its transformation properties under Lorentz transformations). 50 

It is known (see, for instance, [1, § 13.4], [2, § 99], and [3, p. 114]), in terms of tp and tp, 
the change particle<->antiparticle is describe by the replacement 

tP ^ Tj, ■= Clp T = (tpC T ) T lp~^^ :=tp T C~ 1T = {C~ l tP) T , (11.11) 



48 Recall, the matrix transposition sign in 1)11. 9|l serves to provide a proper matrix multiplication as we 
consider ij) as vector-column and ip as vector-row. If we write 111.911 and 113.611 in components, it will be 
obvious that these systems of 8 equations are identical up to notation. 

49 For instance, in the representation l.'i.2t of the 7-matrices, in which 7 is diagonal, we have in Heisenberg 
picture „,„ , , = i- = 0. 

50 One should compare this situation with the one for free scalar field tp where the change tp <-> tp* is 
equivalent to the transformation particle<-+antiparticle; see [11] for considerations in momentum picture and, 
e.g., [1] for treatment in Heisenberg picture. 



called charge conjugation, where the matrix C satisfies the conditions 

CT VC = - 7 ^ T := -(7^) T C T = -C (11.12) 

and, in a representation, like ()3.2j) . in which 7^ = (— 1)^7 mT , /x = 0, 1, 2, 3, can be chosen as 
C = 67°7 2 with b £ C\{0}. The Lagrangian (|11.1|) . under the conditions (|8. 13|) and after 
(resp. before) normal ordering, is invariant (resp. changes sign) under the change (jll.llj) . 

So, if we want, from the very beginning, to have a suitable description of particle-an- 
tiparticle properties of a spinor field, we have to describe it via the variables tp and tp, not 
via tp and tp. In these new variables, due to tp = — -0 T C _1 (see (|11.11|) and (|11.12JI ). the 
Lagrangian 1)11.1)1 reads 

£' = -hhc{ (x)CrV o (d M #(x)) - (<9 M ^ T (x))C^ 1 7 M i>(x)} + ™<? $ (^)C -1 

(11.13) 

We would like to emphasize on the change of the signs and the appearance of the matrix C 
in 1)11.13)) with respect to Qll.l)! . An alternative to this Lagrangian is a one with changed 
positions of tp and tp, viz. 

C" =-hhc{ ^ T (i)C7-V iPix H*)) - ( d v ^ T (^))C~V %(x)} + rnc 2 tp T (x)^ 1 o %(x). 

1 (11.14) 
Notice, the last Lagrangian is completely different from 1)11.6)) and cannot be obtained from 

it by putting tp (x) = C~ 1 tp(x). Evidently, the variables tp and tp do not enter in 1)11.13)) 
and 1)11.141) on equal footing. We shall try to 'symmetrize' the situation by considering a 
Lagrangian which is the half sum of the last two ones, i.e. 

c!" = \ihc{- J (i)cry o {d^{x)) + (d„ $ (z))crV o ${ x ) 

+ ^mc 2 { f "(x)C- 1 o tp(x) + ^ T (a;)C , ~ 1 o V>(x)}. (11.15) 
According to 1)2. 16)) . the Lagrangians (|11.13|) (jll.l5|) in momentum picture respectively 

are: 

C! = -1 C {^ T C-V bP, V»]_ - h/P", ^]_C~V otp} + mc^C' 1 o tp (11.16) 
£" = -\c{fC~ V ° - [V> T , V ^} + mc^TC- 1 o 4, (11.17) 

- ^ T C~V ° + [V> T , Vn\C- x >f o ^} + imc^^C- 1 o tp + ^C" 1 o (11.18) 

The consequences of these Lagrangians will be described and compared below. But, 
before proceeding with this task, we must make an important remark regarding the La- 
grangian 1)11.15)) (or 1)11.18)1 in momentum picture). If one computes its derivatives with 
respect to tp and tp and their partial derivatives, according to the silently accepted rules valid 
for classical fields, one will see that all of them vanish. 51 In a sense, this will mean that the 

51 It is quite possible, the first reaction to such a result will be the rejection of the Lagrangian l|f f .f 5(1 as 
it leads to identities, like = 0, instead to field equations and to identically vanishing dynamical variables. 
However, this will be a hasty conclusion — vide infra. 
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(11.19) 



Lagrangian ()11.15() is constant as a functional of the field variables, which, obviously, is not 
the case. This 'paradox' is explained in the paper [15] in which it is proved that it is due to 
an incorrect transferring of the differentiation rules from the classical analysis of commuting 
variables and functions of them to the 'quantum' one of non-commuting variables, such as 
the operators on Hilbert spaces, and functions of them. In this work, it is shown that the 
derivatives of Lagrangians like (|11.15|) should be computed in a way different from the one 
of the classical analysis (and, in fact, are operators on the operator space over J-)\ in partic- 
ular, the Euler-Lagrange equations for the Lagrangian (|11.15f) are identities, like = 0, but 
it implies field equations according to a rigorous modified action principle. Without going 
into details, the new procedure, when applied to the Lagrangian ((11.15(1 . is equivalent to the 
standard one with new definitions of the derivatives of 1)11.15(1 with respect to its operator 
arguments. Here is the list of the derivatives of the Lagrangians 1)11.16(1 - 1)11.18(1 : 

--ificC - V$ 
+-iftcC~ 1 7 / > 

Notice, in this list the expressions for the derivatives of £"' are definitions, while the deriva- 
tives of C and C" are derived, using the equality 

(c-V) T = c - V (11-20) 

implied by 1)11.12(1 . according to the rules of the analysis of classical fields. As an exercise, 
the reader may wish to convert ((11.19(1 into the 'more usual' Heisenberg picture of motion. 
As a result of 1)11.19(1 . the field equations ()2~TT)) for all of the Lagrangians 1)11. 16(1 - 1)11. 18(1 
now read: 

7 M [^, - map = - map = 0. (11.21) 

Consequently, as one may expect, the spinor field and its charge conjugate $ := Ctp T = 
C7° T V^ T are solutions of one and the same Dirac equation. 52 

Regardless of the identical equations of motion obtained from the Lagrangians 1)11.16)1 - 
((11.181) . these Lagrangians entail completely different conserved quantities (dynamical vari- 
ables). In [15] is shown that to any operator Lagrangian in quantum field theory there corre- 
sponds a unique set of conserved operators. 53 The corresponding to the Lagrangians ((11.13(1 - 

52 It is a simple algebra to be proved, the substitution $ := Cip T transforms the second equation in 13,61 
into the second equation in 111.21H . 

53 The meaning of the last theorem is that there is a criterion for selecting the order of all operators 
in compositions (products) of operators appearing in the conserved quantities obtained from the Schwinger's 
variational principle [3] and/or from the first Noether theorem [1]. For rigorous derivation of equations 111.221 - 
H11.24JI below, apply the results of [15, sec. 4] to the Lagrangians under consideration here. 



1)11. 15|) energy-momentum, current and spin angular momentum density operators are: 

1 cT c t (H-22a) 

^ = 4{ *J o ^ - # o = - qc f C -\ o ^ (11.22b) 



i/i 

S% = -{ n XT o (1^ $ + (/^ o vf A } = Ihcfc-^a^ + cv7 A } o ^ (H-22c) 



(11.23a) 



^ = -C °{d v fo-(d v j, T )o 7f„ 

= ~mc{- ^ T c-S M o J) + (9, ^ T )c-S^ o ^} 

^ = |{?°^-^ T o^} = +gcf r C- 1 7/ , o J (11.23b) 



^ = ~{ o (^ $ - ^ T )o#,-i T o (a, J) + (d u f) o ^} 



(11.24b) 



^ 2 

= ^iftc{- I C~\ o $ + {d v ij> )C~\ o ^ (11.24a) 

- $ T c-\ o (a„ J) + (9, ^ T )c- 1 7/1 o 

= -~{ * AT o (J^ $ - {I^ v ^ o * A 

-* AT o(V^ + ^^ T °* A > (1L24C) 
= \hc{ % C- 1 (7 A (7^ + <V7 A ) o $ + ^CTHtV^ + <V^ A ) J}, 

o 

where (1TTT31). e(ip) = -e($) = +1, 1^, = = -|i<r MI , (see (EUHl), C^C' 1 = -a^ 
(see 1)3.14)1 and pi. 12)1 ). and pi. 20)1 were used. The corresponding expressions for the orbital 
angular momentum are obtained according to the general formula ()2,21aj) . The reader may 
easily write pi. 22)1 - 1)11. 24)) in momentum picture; formally, this can be done by replacing 

d u 4> and d v tp by respectively y u := nj^, V v \_ and y v := je[i/>, V v \_ and by removing the 
tildes (waves) from the remaining symbols. 

Looking over pi. 15)) (or pi. 18)0 and pi.22)) - pi.24l) . one can notice that the Lagrangian, 
energy-momentum and spin angular momentum density operators are symmetric while the 
charge current operator is antisymmetric under the charge conjugation, i.e. under the change 
ip <-> tp, as it should be [1-3]. In this way, we shall see that the symmetry particle-antiparticle 
for a free spinor field should be encoded into a Lagrangian which is symmetric relative to 
the spinor operators describing the corresponding fields/particles. 

Since the field ip and its charge conjugate tp := Ctp satisfy identical Dirac equations for 
all of the Lagrangians pi.l6)) - p 1,18)1 (see pi.21)) ). the field tp and its Dirac conjugate tp := 
iplry = —Tp^C -1 satisfy the system of Dirac equations ()3.6)) for these Lagrangians. Thus for 



tp and tp are valid all considerations and results in sections2]and[5J 54 As the Dirac conjugate 
field tp enters linearly everywhere in sections 0] and all of the material in these sections 
is valid mutatis mutandis for the charge conjug ate field ij; = Ctp = (tpC T ) T = -(tpC) T 
whose components are linear combinations of those of tp; the only thing one should do, to 
rewrite this material in terms of tp, is to replace tp with tp or, more formally, to write the breve 
accent sign for the line " — " over a symbol's sign. For example, the decomposition (|4.21b|) 
implies 

4> = I d 3 fc{/ Si+ (fc)4,(+)(fc) + /,,-(*0&,(-)(*0} (H-25) 

s J 

where f s ,±(k) are some (, possibly, generalized) functions and tp s ^±}(k) are spinor operators. 
It is essential to be mentioned the connection 

&,(±)(*0 = C^I(±)(fe) = -&s,(±)(k)C) T (11.26) 

which is a consequence of ()4.21b|) and (|11.11|) . Further, the creation/annihilation operators 
for tp should be introduced via the second formula in ()5.1|) with tp for tp and / for / and, by 
virtue of (jll.2fi|) . are 

= C{^f(k)) T = -(^(fc)C) T . (11.27) 

All of the remaining material of Sect. 03 concerning tp^(k) is then automatically valid for 
tp^(k), provided the replacement tp i— > tp is made. In particular, the interpretation oftp^(k) as 
creation/annihilation operators of (anti)particles with 4- momentum (v m 2 c 2 + k 2 , k), charge 
q, orbital angular momentum (x u k u — x u k u )\ r^r^, — 5"H-4! and spin mixing angular mo- 

mentum matrices — ^ha^ is valid. The invariant, frame-independent, creation/annihilation 

operators at ± (k) for tpf(k) are the same as for tp s (k) and, as a consequence of 1)11. 27J1 
and (|5.22l) . are introduce via the equation 

tPf{k) = (2 7 rh)- 3 / 2 al ± (k)C{v s ' ± (k)) T = -(2Trh)-^ 2 al ± (k)(v s ' ± (k)C) T (11.28) 

where v s,± (k) are defined by (|4.22j) - (|4.24|) . So, the equalities ()5.22|) and the following from 
them interpretation of af(k) and at =t (fc) hold without changes. 

All of the above said, concerning tp and its (frequency) decompositions, is valid for any 
one of the Lagrangians (|11.16|) - (|11.18|) as they entail identical field equations. However, 
form ()11.22|) - ()11.24|) . it is evident that the energy-momentum, charge and angular momenta 
densities for these Lagrangians are completely different. The corresponding to them 4- mo- 
mentum, charge and angular momenta can easily be calculated on the base of the results of 
Sect. HO and the decomposition (jll.28f) in the following way. 

At first, notice that the Lagrangians (|11.16|) - (|11.18j) vanish if tp and tp satisfy the field 
equations 1)11.21)1 . i.e. 

£'=£"=£"' = if y[ X , V ll }_-mc X = 0, X = ^pJ, (11-29) 

and C = C as tp = Ctp T (see 1)11.2)1 ). Moreover, C" (resp. £") and the results following 
from it can be obtained by interchanging the positions of tp and tp, possibly with some indices 
and arguments, (resp. by forming the half sum of £ and C" and the results corresponding 
to them). Consequently, the results l(6~2Jl . (KHfl) . (fOJt . (|?TTil - (l6~l"K|) . all with tpf = 

— {tpf^C" 1 , are valid for C = but for C" and £"' the just describe changes must be 
made. 

54 The only exception being the concrete forms of the expression in the r.h.s. of 14.41 and (14.511 for the 
'degenerate' solutions 14.11 . 



Applying (111.281) . (ET221 and (111.121) . we derive: 

(^(fc))Ao^(fc') = -(^(fe)) T C- 1 Ao^ e ;(fc / ) (11.30a) 

= +(2^)- 3 aJ £ (fc){^' £ (fe)A U s '' E '(fc')} oa^(fc') 

-(V £ (fc)) T C- 1 Ao ^,'(fc') = -(2 7 rn)- 3 <(fe){u s '' £ '(fc / )(C'- 1 AC') T v s ' £ (fe)}o a J / e '(fe / ) 

(11.30b) 

-(Vf (fc)) T C~V = +(2^)" 3 a £ (fc) o aj, £ '(fc0{^'' e '(fe')7^ s ' e ( fe )} (11.30c) 

-(^*0) T £~V^ 6 °^>0=-(2^ (H-30d) 

where e, e' = +, — , A is a constant 4x4 matrix (e.g., A = 7^, 7°cx a ft), or an operator (e.g., A = 
^/Ltgfi/) or matrix operator (e.g., A = 7 &^g§i/), 55 s, s' = 1, 2 for m/0, and s, s' = for m = 
0. The first of these equalities, together with the derivation of (|B.7j) . (|f).10j) . (|fi.27j) . and (|B.43j) . 
implies the validity of (|H?7|). (|FTTU]) and (J7T2T1) for £'. The equations (|11.3()cl) and (|11.30dj) . 
in view of the derivation of (|fi.7|) . (jfi.K)j) . (|fj.27|) . and (j6.43|) . mean that the change ij) <-»• ifi 
is equivalent to any one of the replacements ipf(k) «-> i>f(k) or af(k) <-> Os (fe), both 
combined with the change of the sign of the charge operator and the changes cr s ^ v ,: ^{k) ^ 
&fii/' T {k) and Z^t'^ (fc) 1— > Ifiu'^ik). The equations (|11.3()|) . combined with the above- made 
conclusions, (|11.22j) - (|11.24j) . <E3> ) iftHUl) . (jBTTT)) and (fTTTij) . imply that the momentum, 
charge, spin and orbital (angular momentum) operators for the Lagrangians (|11.16|) - (|11.18j) 
respectively are: 

K = Y, [ ^l fe0= ^i^{«i + ( fc )°«;( fc )-4"(fc)°4(fc)}d 3 fc (H.31a) 
2' = +<?E [W s + (k)oaj(k)+at-(k)oaf(k)}d 3 k (11.31b) 
°^ = / d 3 fc«' -(fc)4 + (fc) o a;,(fc) + <J'+(fc)at-(fc) o a+(fc)} (11.31c) 

s,s' 

£'»V = Yl / d 3 fc(x^^ - ^MI fco= ^ m 2 c 2 +fc 2 l a l + ( fc ) ° ~ 4~( fc ) ° 4( fc )} 

s ^ 

+ i a E/ d 3 fe{/^' -(fc)a f s + (fc) o a;,(fe) + I^+(fc)at-(fc) o a+(fc)} 



+ ^E / d M a * + K^-^) oa ^ fe) 



+^(*)(^-^)°^*)}| 46B v^ (1L31d) 

*M=E / k ^\ k0= ^-^{ a t(k)oai-(k)-a;(k)oai + (k)}d 3 k (11.32a) 

Q" = -q^2 [{af(k)oat-(k)+a;(k)oai + (k)}d 3 k (11.32b) 

K = -\ h T,J d 3 fc«' + (fc)aj(fc) o at-(fe) + <J'-(fc)a;,(fc) o oJ + (fe)} (11.32c) 



55 If A is an operator, one should take care of the direction to which it acts, as well as on what arguments 
it acts; e.g., if A = g§n7, then the r.h.s. of l|11.30b(l is equal to a sum of two terms, due to the left action of A 
on v a ,E (fc') and the right action of A on a^, e (fe'). 



K = H I d 3 k(x,k u -x u k,)\ ko=v;; ^^{af(k)oat-(k)-aj(k)oat + (k)} 



+ ^E/ d s *{a+(*)(fc^-^)oot-(fc) 



+ ^W(^^-^)oat + W }|^^__, (11.32d) 
K = \Y. I k,\ ko= r-^ 2 {a\ + {k)oa-{k)-a\-{k)oat{k) 

s J 

+ a+(fe)oat-(fe)-a;(fc)oat + (fc)}d 3 fc 

Q "' = / ° + 4~(*0 ° 

s ^ 

- a+(fc) o 4~(fc) - 07 (fe) o aj + (fc)} d 3 fc. 
K = / d 3 fe{<'-(fe)[at/(fc),a;,(fe)]. + a-' + (fe)[4"(fe),4W]-} (11.33c) 



(11.33a) 



(11.33b) 



) C = ^(°C+°0- (ll-33d) 



(To save some space, we do not write the evident, but rather long, explicit formula for °C^ V ; 
the reader can easily write it down with some patience. For the same reason we do not write 
at all the total angular momentum operators; they are simply sums of the corresponding spin 
and orbital (angular momentum) operators. Besides, we have omit the evident expressions for 
the time-dependent part of the spin angular momentum (see (|6.24|) , which is insignificant here 
and below.) Notice, in the above formulae the operators af and at^ do not depend on the 
Lagrangians ()11.16|) — (|11.18f) we started off. As one can expect, the r.h.s. of (|11.33a|) . (|11.33cj) 
and (|11.33d|) (resp. (|11.33b|0 is symmetric (resp. antisymmetric) with respect to the change 
particle<->antiparticle. 

Since the obtained expressions for the momentum operators corresponding to the La- 
grangians (|ll.l(i|) - (|11.18|) are different, the field equations for them in terms of the creation 
and annihilation operators af(k) and aj =t (fc) will be different, regardless of their coincidence 
in terms of and tp (see (|11.2ip ). These equations can be derive in the same way as we did 
in Sect. [7| for the Lagrangian (|11.2|) . but the results at our disposal give us the possibility to 
write them without any calculations. As the expressions (|11.31a|) and (|(i.7|) for the momen- 
tum operators of (|11.16|) and Q11.2J1 . respectively, coincide and the Lagrangians C and £ are 
equal up to a change of the independent variables in them, from the decompositions (|7.1|) . 
a similar one for ip (see 1)11.25(1 and (|11.28|0 . and the derivation of (|7.4j) follows that the 
field equations for the Lagrangian given by Ijll.lfiJI . in terms of af and at^ 1 coincide 
with the ones for C, given by (|11.2j) . Therefore, the equations of motion for £ in terms 
of creation and annihilation operators are (|7.4| . Since Q11.31a|) and (|11.32afl differ by the 
change af <-> at^ , the field equations for C" , given via (|11.17|) . can be obtained form (|7.4j) 
by making the replacement af(q) *-* a\^{q), i.e. they are 

[af(k),a+(q) o a* "(g) - a~ {q) o a\ + (q)]_ ± af(k)5 ts 5 3 (k - q) = "ft(k,q) (11.34a) 

[at±(fc), 4(q) o oj-(g) - a^g) ° a\ + (q)]_ ± a\± (k)5 ts 5 3 (k - q) = "f\f{k, g), (11.34b) 



where "ff t (k,q) and "fl^(k,q) are (generalized) functions such that 



E 



"ff t (k,q)d 3 q = 



E 



-\J m? c 2 +q- 



■"fl±(k,q)d i q = 0. 



tqo=^m 2 c 2 +q 2 

t - 

(11.34c) 

At last, as (|11.33aJI is the half sum of 1)11. 31aj) and (|11.32aj) . the field equations for £"' , given 
via (|11.18j) . in terms of creation and annihilation operators can be obtained from (J7.4|) by 
replacing the first terms in it by the half sum of the first terms in left-hand-sides of (|7.4j) 
and (|11.34|) . i.e. these equations are: 



[af(k),a\ + (q)oa t (q) 



4 {q) oa >t 



(«)]. 



+ [af (fe) , af (q) o a\ (q) - a t (g) o a\ + (g)] _ 

±2af(k)5 ts 5 3 (k-q) 

[at ± (fe), a t+(g ) o a -(g) _ a |-(g) a +(g)]_ 

+ [at ± ( k) , a+ (q) o a\ ~ (q) - a t (g) o a\ + (g)] _ 

±2ai ± (k)5 ts 6 3 (k-q)="'fl±(k,q) 



(11.35a) 



(11.35b) 



where '"/^(fc, g) and '"/t t (fe, g) are (generalized) functions such that 



E 



<n>- 



-^J m 2 c 2 +q 2 



"ff t (k,q)d 3 q = Wg M j 



-^Jm 2 c 2 +q 2 



'f s r(k,q)d 3 q = 0. 



(11.35c) 

Consider now the problem regarding the possible (anti) commutation relations for the La- 
grangians (|11.16j) -l |11.18j) . As we saw in Sect. |HJ the field equations (|7.4a|) - (|7.4b[) are equiv- 
alent to (|8,2j) (with e = ±1). Similarly, applying (|8.1j) . we can rewrite equivalently (|11.34a|l - 
()11.34bj) and (|11.35aj) - ()11.35bj) respectively as 

[af(k),af(q)} £ o a\~ (q) -eaf(q) o [af{k),a\~(q)} £ 



7j(M) 



-[af(k),at(q)] E o a\ + (q) + ea^(q) o [af (fe), at+(g)] 

±af(k)5 st 8 3 (k- q : 
[at±(fe),a+(g)] £ o a|-(g) - ea+(g) o [ a t±(fe), at~(g)] £ 
■[at±(fe),a t -(g)] £ o a\ + (q) + ea^{q) o [a* ^JO.aJ* 

±at ± (fc)<5 st <5 3 (fc-g)= <Z 



(11.36a) 



(11.36b) 



[af (fc),aj + (g)] £ oa t ~(g) -ea\ + {q) o [af (fe), a^(g)] E 
-[af (fe),a|~(g)] £ oaf (g) + ea|~(g) o [af (fe), af (g)] £ 
+[af (fc),a+(g)] £ o a|-(g) - ea+(g) o [af (fe), aj 
-[af (fc),a t ~(g)] £ o a\ + (q) + ea^(g) o [af (fe), a| + (g)] £ 



t + / 



(11.37a) 



±2af(fe)o st o 3 (fc-g)= "'/£(fe,g) 
[at±(fe),at + (g)] £ o a~ (q) - ea\ + {q) o [at±(fc), a t ~(g)] £ 
- [at ± (fe) , af - (g)] £ o a+ (g) + ea\ " (g) o [aj ± (fe) , af (g)] £ 
[at±(fe),a+(g)] £ oat-(g)- £ a+(g)o[ot±(fe),at-(g)] £ 
-[at±(fe),a t -(g)] £ o a t+(g) + £ a7/(g) o [at±(fe), a t+(g)] £ 

±2at ± (fc)o si o 3 (fc-g) = '"f\t{k,q). 



(11.37b) 



The analysis of ()11.36)1 and 1)11. 37)1 is practically identical with the one of 1)8.2)1 in Sect. |S] with 
one very important new consequence from (jll.37)l . Imposing the additional conditions ()8.4j) . 
we see that equations (jll.37)l reduce to 



(1 + e){[af(k), a\ + {q)} £ o a^{q) - a\ + {q) o [a±(fe),ar(qf)] e 

-[o±(fc),a!-(g)] 6 o a+(g) + a!-(g) o [o±(fc),o+(g)] E } (11.38a) 

±2af(k)5 st 5 3 (k-q)="'ff t (k,q) 
(1 + e){[at ± (k),a\ + (q)] £ o a^g) - 4 + (g) o [<4±(fe), a7-(g)] e 

-[a^^.af-^le o a+(g) + aj-fa) o [aj^fe), a+(g)] e } (11.38b) 

±2ot ± (fe)5 rt * 3 (fc-q)= "'f^{k,q). 

Let us see what entails 1)11.38)1 for e = — 1, which corresponds to quantization of a spinor 
field via commutators, not via anizcommutators. Inserting ()11.38|> with e = — 1 into (|11.35c|) . 

we get 

k ^ =V^^ a ^ k) =° H,=V^^ ±( * )= ° **e = -l, (11.39) 
which, by virtue of (jll.33a)) . imply 

V" = for e = -1 (11.40) 
which, in its turn, reduce the Dirac equations ()11.21)1 to 

map = map = for e = —1. (11.41) 

Thus, we see that, when one starts from the Lagrangian ()11.18[) . the only free spinor fields 
that are possible to be quantized via commutators are Q4.1J1 . in the massless case m = 0, 
and the 'missing' field ip = tp = in the massive case m 7^ 0. The former solutions of the 
field equations were investigated at length in the previous sections and the latter solution, 
ip = -0 = 0, of the field equations is completely unphysical as it cannot lead to any physically 
observable consequences. But, moreover, these solutions are rejected by the properties ()8.5j) 
and (|8.6|) of the (generalized) functions in the right-hand-sides of the equations in 1)8. 4|) . 
Therefore, the Lagrangian (|11.18|) does not admit quantization by commutators, contrary to 
the Lagrangians Ijll.lfijl and 1)11. 17|) . and, consequently, for it we must put e = +1 in 1)8.4)1 . 

The further analysis of 1)11.36)) with e = ±1 and ()11.37)) with e = +1 is practically 
identical to the one of 1)8.2)1 and leads to the anticommutation relations ()8.13)) . 56 

Consequently, the Lagrangians ()ll.l(i)) - ()l 1.18)1 lead to identical anticommutation rela- 
tions, viz. ()8.13)) . and in this direction the only difference between them is that 1)11.18)1 does 
not require as an additional condition the quantization via anticommutators, or an equiva- 
lent to it hypothesis, like the spin-statistics theorem or charge symmetry, as this condition 
is encoded in it from the very beginning. 

Since the anticommutation relations for the Lagrangians 1)11.16)1 - 1)11.18)) are identical, 
the vacuum and normal ordering for them should be introduced in an identical way, viz. as it 
was described in Sect. El As a result of ()11.31|) - ()11.33)) . after normal ordering, the operators 
of the dynamical variables for them become identical and are given by ()9. 4)1 - 1)9. 9)1 . 

Let us summarize. The Lagrangians 1)11.16)1 - 1)11.18)) (or 1)11. 13)1 - 1)11.15)) in Heisenberg 
picture) are equivalent in a sense that they entail identical final quantum field theories. 

56 One can derive (|8. 13^ without any calculations by taking into account that the l.h.s. of l|ll.Mrifl is equal to 
the l.h.s. of l|8.2^ combined with the change af (q) <-» at ± (q) and that the l.h.s. of l|11.37|l is equal to the sum 
of the left-hand-sides of 18.21 and 111.361 . This implies similar changes in 18.131 under which it is invariant. 



The principle difference between them is that in (|11.18|) is encoded additionally the charge 
symmetry of (or, equivalently, the spin-statistics theorem for) a free spinor field and there is 
not a need to impose it as additional condition on a later stage of theory's development. 

12. Conclusion 

In this paper, we made a more or less comprehensive investigation of free spin | quantum 
fields in momentum picture of motion in Lagrangian quantum field theory. The methods we 
used and the results obtained are near (similar) to the ones in [11], concerning free charged 
scalar fields. The main difference from the scalar case comes from the multi-component 
character of a spinor field, which is due to its non-zero spin. 

A feature of the momentum picture is the introduction of creation and annihilation oper- 
ators without invoking explicitly the Fourier transform (as in Heisenberg picture). We have 
written the field equations in terms of these operators. In this form they turn to be trilinear 
algebraic(-functional) equations relative to the creation and annihilation operators. On this 
base, the standard anticommutation relations are derived under some explicitly presented ad- 
ditional conditions. Under these conditions, the anticommutation relations are tantamount 
to the initial field equations for free spinor fields. We have also briefly studied the state 
vectors, vacuum and normal ordering procedure for these fields. 

An analysis of the initial Lagrangian, from which the quantum theory of free spinor field 
is derived, is presented. The consequences of several Lagrangians are described and the 'best' 
one of them is single out. It is the one which is charge symmetric, i.e. it is the one which 
is invariant under the change particle<-^antiparticle described in suitable variables. This is 
the Lagrangian (|11.15|) in Heisenberg picture or (|11.18f) in momentum picture. It entails, 
before quantization and normal ordering, the field equations ()11.35|) in terms of creation and 
annihilation operators. Evidently, these equations can be rewritten as 

[[al + (q),^( q )l,af(k)}_+[[a+(q),at(q)l,af(k)]_ 

= ±2af(k)5 st 5 3 (k-q)-"'ff t (k,q) 
[[al + (q),ai(q)l,ai ± (k)}_+[[at(q),a\-(q)l,ai ± (k)]_ 

= ±2al ± {k)5j\k-q)-'"f\t{k,q) 

Trilinear relations, like equations 1)12. are typical for the so-called parastatistics and 
par afield theory [24-28], where they play a role of (para) commutation relations. Elsewhere 
we shall show how from (|12.1j) the parafermi commutation relations for a free spinor field 
can be derived. 

We shall end with the evident remark that the particles and antiparticles of a free spinor 
field (, described via some of the Lagrangians considered in this paper) are always different, 
due to the fact that the charge of field's particles and antiparticles is —q and +q, respectively, 
and their spin and orbital (angular momentum) operators are always non-zero and different 
(see, e.g, JTTHfl . (tTTnUl) . (QQ and (jOg) ). 
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